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TOPOLOGICAL CONTACT DYNAMICS II: TOPOLOGICAL 
AUTOMORPHISMS, CONTACT HOMEOMORPHISMS, AND 
■^- ■ NON-SMOOTH CONTACT DYNAMICAL SYSTEMS 

^ . STEFAN MULLER AND PETER SPAETH 

^^ Abstract. This sequel to our previous paper IMSllbl continues the study 

of topological contact dynamics and applications to contact dynamics and 
topological dynamics. We provide further evidence that the topological auto- 
morphism groups of a contact structure and a contact form are the appropriate 
transformation groups of contact dynamical systems. The article includes an 
examination of the groups of time-one maps of topological contact and strictly 
r ^ , contact isotopies, and the construction of a bi-invariant metric on the latter. 

Moreover, every topological contact or strictly contact dynamical system is 
arbitrarily close to a continuous contact or strictly contact dynamical system 
1-^ , with the same end point. In particular, the above groups of time-one maps are 

jrt ' independent of the choice of norm in the definition of the contact distance. On 

every contact manifold we construct topological contact dynamical systems 
with time-one maps that fail to be Lipschitz continuous, and smooth contact 
vector fields whose flows are topologically conjugate but not conjugate by a 
contact C'^-diffeomorphism. 
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CO . A contact manifold (M, ^) comes with two important groups of diffeomorphisms, 

^— ^ ' the group DifF(M, ^) of automorphisms preserving the contact structure ^, and 

the subgroup Diffo(M, ^) of automorphisms that are time-one maps of isotopies 
generated by a smooth contact vector field or function. Similarly, a contact form a 
on {M, ^) has attached to it the group of automorphisms DifF(Af , a) C DifF(Af , ^) of 
/\ . diffeomorphisms preserving the contact form, and the subgroup of time-one maps 

j^ I DiSo{M, a) C Diff (M, a) of isotopies generated by a smooth strictly contact vector 

field or basic function on (M, a). In the theory of dynamical systems, elements of the 
above automorphism groups are also known as transformations, and the time-one 
maps are configurations of dynamical systems, preserving the additional geometric 
structure. 
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The study of such automorphism groups, and in particular of the subgroups 
of time-one maps, associated to a smooth or topological structure and to various 
geometric structures, such as a volume or symplectic form, a contact structure or 
contact form, or a good measure, has a long and fruitful history, see for instance 
the monograph |Ban97j for a comprehensive account of this area of study. Several 
well-known phenomena in contact topology and more recent developments suggest 
that the above groups of diffeomorphisms are too restrictive. See below for details. 

In this article, we consider the more general groups Aut(M, ^) and Aut(M, a) 
of topological automorphisms of a contact structure and a contact form, and their 
subgroups Homeo(Af , ^) and Homeo(Af , a) of time-one maps of topological contact 
and strictly contact isotopies that emerge in the context of topological contact 
dynamics (MS lib) . Compare to the references |MO07| [MuIOSal IMiil08b| lBST2] for 
similar topological automorphism groups in topological Hamiltonian dynamics and 
topological strictly contact dynamics. 

Topological contact dynamics is a natural extension of the dynamics of a smooth 
contact vector field or function to topological dynamics, and is the odd-dimensional 
analog to topological Hamiltonian dynamics developed in [MO07| IMiil08a[ IMiilOSb) 
IVit06[ IBSIO] , and topological symplectic dynamics considered in |Ban08| . It is also 
a non-trivial generalization of topological strictly contact dynamics from |BS12] . As 
in the smooth theories, topological Hamiltonian dynamics of an integral symplectic 
manifold {B, uj) is intimately related to topological strictly contact dynamics of 
the total space of the associated prequantization bundle with base B |BS12| . and 
in turn, topological contact dynamics of a contact manifold (M, ^) corresponds to 
topological Hamiltonian dynamics of the symplectization of (Af, a), where a is a 
contact form with kera = ^ [MSllbj . See the cited references for details. 

The above theories have numerous applications to their smooth counterparts, see 
e.g. |MSllb[|MS12| or section[31 and to topological dynamics in dimensions two and 
three [MSllaj , by extending a priori smooth invariants to topological Hamiltonian 
and contact dynamical systems or their time-one maps. An extensive motivation for 
the study of topological Hamiltonian dynamics can be found in |MO07[ IMiilOSa) , 
while topological symplectic dynamics and the two flavors of topological contact 
dynamics mentioned in this introduction are to a large extent motivated by the 
close connections with their Hamiltonian counterpart. We recall in particular C"- 
rigidity of symplectic diffeomorphisms |Eli87[ IGro86[ IGro87| , C°-rigidity of strictly 
contact and contact diffeomorphisms and their conformal factors [MSllbj . and C°- 
rigidity of Hamiltonian, strictly contact, and contact isotopies and their conformal 
factors, see |MO07[[BST2llMSllb| or again section H 

Additional motivation comes from several implications of the energy-capacity 
inequality in contact dynamics that is proved in |MSllb| . It follows that the group 
of diffeomorphisms preserving a contact form admits a bi- invariant metric [MS lib) . 
This generalizes a previous theorem in |BD06| establishing the existence of classical 
diffeomorphism groups other than the group of Hamiltonian diffeomorphisms that 
support non-degenerate bi-invariant pseudo-metrics. 
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This article is part of a series of papers concerning topological contact dynamics 
initiated in |MSllb] . In section [2] we recall the basic notions of contact geometry 
and smooth contact dynamics. Sections [3] and S] then review topological contact and 
strictly contact dynamics, and topological automorphisms of a contact structure 
and a contact form, including the transformation law, a detailed motivation, and 
some of the applications to contact geometry and smooth contact dynamics that 
support the point of view that the groups Aut(M, ^) and Aut(M, a) are the correct 
automorphism groups of a contact structure and a contact form, respectively. 

In sections [5] and [6] we study topological properties of the groups of contact 
and strictly contact homeomorphisms. The main focus is on the topology induced 
by the time-one evaluation map. When equipped with this contact topology, the 
groups of time-one maps become first countable topological groups, and therefore 
admit left invariant metrics. Moreover, these groups are path-connected and locally 
path-connected, and any two contact or strictly contact homeomorphisms can be 
connected by a (short) topological contact or strictly contact isotopy. 

The definition of the contact distance on the group of smooth contact dynamical 
systems involves a choice of norm on the space of tangent vectors to isotopies 
of contact diffeomorphisms, leading to the notions of topological and continuous 
contact dynamical systems, and similarly for strictly contact dynamical systems. 
Another main focus in this article is on this choice of norm, and centers around 
the main lemma stated in section [H In brief, we prove that up to an arbitrarily 
small perturbation with fixed end points, the choice of norm is not relevant. As a 
consequence, the groups of time-one maps are independent of the choice of norm. 
Sections [7] and |8] set the stage for the proof of the main lemma in section |9l In 
particular, we show that a generic smooth contact isotopy is regular, i.e. the isotopy 
is never stationary, and investigate how to reparameterize and perturb a given 
contact isotopy to have certain desirable properties, for instance to traverse its 
path in the group of contact diffeomorphisms at nearly constant speed. Moreover, 
we construct multi-parameter variations of the constant loop that seem to be of 
independent interest. Similar results are also proved for strictly contact isotopies. 

In section [10] we show how the energy-capacity inequality from jMSllb] leads 
to a contact energy function and a bi-invariant metric on the group of strictly 
contact homeomorphisms, with no restrictions on the contact form. This metric is an 
analog of the bi-invariant metric on the group of strictly contact diffeomorphisms in 
jBD06| IMSllb] . We moreover demonstrate that the coarse and fine contact energy, 
and hence the resulting metrics, coincide. 

In the final section fTTl we produce examples of contact homeomorphisms that fail 
to be Lipschitz continuous, and in particular are not C^-smooth, and examples of 
smooth contact vector fields that are topologically conjugate but not conjugate by 
contact C^-diffeomorphisms. In particular, for any contact manifold with arbitrary 
contact form, topological contact dynamics is a natural and genuine extension of 
the dynamics of a smooth contact vector field or function to topological dynamics. 

The last two sections can each be read independently of the rest of the paper 
immediately after reviewing the relevant definitions in sections [3l SI and [5] 
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2. Review of contact geometry and contact dynamics 

Let (M, ^) be a smooth manifold of dimension 2n + 1, equipped with a contact 
structure S,, that is, a coorientable (or transversahy orientable) nowhere integrable 
(or maximally non-integrable) field of hyperplanes ^ C TM. That means the contact 
structure can be defined as the kernel ^ — ker a of a one- form a such that a A (da)" is 
a volume form. Such a one- form is called a contact form on (Af , ^). For simplicity, we 
assume throughout this article that M is closed, i.e. compact and without boundary, 
and connected. See the article [MS lib] for the necessary adjustments to be made 
for general contact manifolds. 

A dijfeomorphism of M is by definition contact if it preserves the field of 
hyperplanes ^ C TM, i.e. 0*^ = ^, or equivalently, (j)*a — e^a. for a smooth function 
h on M. A smooth isotopy $ = {4>t}o<t<i is called contact if 4>t is a contact 
diffeomorphism for all times t. Denote by AT = {Art}o<t<i the time-dependent 
smooth vector field generating the isotopy $ in the sense 

(2.1) ^^^t^Xto^t. 

Then $ is contact if and only if Cx-tO- = fJ-tCt for a time-dependent smooth function 
/i on M, where C denotes the Lie derivative. In that case, the smooth vector field 
X is called a contact vector field, and the smooth function H: [0,l]x AI ^ R 
defined by Ht — a{Xt) is called its Hamiltonian. The restriction of the two-form 
da to the sub-bundle ^ is non-degenerate. Thus the preceding formula defines a 1-1 
correspondence between contact vector fields and smooth functions. An important 
contact vector field is the Reeh vector field R = Ra, the unique vector field in the 
kernel of da that is normalized by the identity a{Ra) = 1. More generally, the 
vector field Xh = {A'^} is defined uniquely by the relations 

(2.2) i{X\j)a^Ht and L{Xlj)da ^ {Ra.Ht)a - dHt, 

where Ra-Ht — dHt{Ra)- Then Xh is contact with Hamiltonian H and /it — Ra-Hf. 
Here l denotes interior multiplication by a vector field. We write $ = $h for the 
contact isotopy generated by a contact vector field X = Xh with Hamiltonian H. 
The smooth function h: [0,1] x A/ -^ R determined by (f)fa = e'^'a is called the 
conformal factor of the isotopy $ = $// , and 

(2.3) ht^ j {Rc..H,)odp'Hds. 

Jo 

A triple {^,H,h) is called a smooth contact dynamical system if $ = $// is 
a smooth contact isotopy with Hamiltonian H and conformal factor h. We will 
usually denote the Hamiltonian by an upper case Roman letter, and the conformal 
factor by the corresponding lower case letter. The group of contact diffeomorphism 
is denoted by Diff(A/, ^), and Diffo(Af, ^) denotes its identity component. 

If / is a smooth function on M, then the one-form e-^a defines another contact 
form on (Af, ^). We fix a coorientation of £,, and hence an orientation of M. Then 
every contact form with kernel ^ can be written in this way. The relation between 
a contact isotopy and its Hamiltonian and conformal factor, and in particular the 
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definition of tfie Reeb vector field, depend on this choice of contact form a. However, 
the notions of contact diffeomorphism and contact vector field depend only on the 
contact structure ^. More precisely, if ($, H, h) is a smooth contact dynamical 
system with respect to the contact form a, then ($, e-^H, /i + (/ o $ — /)) is the 
corresponding smooth contact dynamical system with respect to the contact form 
e-^a. Here and in the following, for brevity the expression ft, + (/ o $ — /) denotes 
the function whose value at (i, x) G [0, 1] x M is 

(ft + (/ o $ - f)){t,x) - ht{x) + {fiM^)) - fix)), 

and similarly for the Hamiltonian e-f H. For the present purposes, it suffices to fix 
a choice of contact form a with kera ~ ^ for the remainder of this article. See the 
remarks in |MSllb| for details. 

A contact diffeomorphism (j) is called strictly contact if it in fact preserves the 
contact form a, i.e. (jfa — a, or equivalently, it preserves the canonical volume 
form Va = OLt\ (da)"- induced by a. An isotopy {(fit} is by definition strictly contact 
if each diffeomorphism i/i^ is strictly contact, or in other words, its conformal factor 
ft : [0, 1] X Af — i> R vanishes. Thus a contact isotopy {(j)t} is strictly contact if and only 
if its contact vector field X — Xh preserves the contact form a, or CxfOL = 0, which 
in turn is equivalent to Ra-Ht — 0, for all times t. The latter means Ht is invariant 
under the Reeb flow, and such a smooth function H is called basic. The group of 
strictly contact diffeomorphisms is henceforth denoted by Diff(M, a) C Diff(Af, ^), 
its identity component is the group Diffo(M, a), and {^,H) or ($,iJ, 0) is called 
a smooth strictly contact dynamical system if $ = ^h is a smooth strictly contact 
isotopy with basic Hamiltonian H. 

For later reference, we recall two well-known lemmas in contact geometry that 
are used frequently in |MSllb] and in this work. 

Lemma 2.1 (Conformal factors). Ifcj) andip are contact diffeomorphisms of{M,^) 
with conformal factors ft and g, respectively, i.e. (j)*a — e''a and il;*a — e^a for 
smooth functions ft and g on M , then 

((/)oV)*a = e''°'^+»a and (0-i)*a = e-''°*"'a. 

We often write H i-^- ^h if H is the Hamiltonian corresponding to the smooth 
contact isotopy $h = {0^}. 

Lemma 2.2 (Hamiltonians). If H h^ ^h and F H> ^p, then 

Hi^F ^ <^H o $j., {H#F)t ^Ht + (e'*' • Ft) o (0*^)-\ 

H^<Ph\ Ht = -e-''*-{HtO(b'H), 

HifF ^ $^1 o ^p, {H#F)t = e-'** • {{Ft - Ht) o 0*,) , 

if ^_^ 0-1 o $^ o 0, Kt^e-3{Htoct>), 

where (p G DifF(M, ^) with (/)*a = e^a. Here composition o and inversion are to be 
understood as composition and inversion of the diffeomorphisms at each time t. 
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The Lie algebra of the group Diff(M, ^) can be identified with the space C°°{M) 
of smooth functions on M via the relation a{X) — H. A natural choice of norm on 
C^iM) is to define 



\H\\ = osc{H) + \c{H)\ = \Tv&yiH{x) - min H{x) 



L 



HVa 



V, 



A/ i^a J M 



or in other words, the oscillation of the function H plus the absolute value of its 
mean value with respect to the volume form z^q = a A (da)" defined above. For 
a time-dependent function H: [0,1] x Af -^ M, we consider two choices of norm, 
known as the L^^'°°'-norm and L°° -norm, given by 

(2.4) ii^ii(i,oo)= / mwdt 

Jo 

and 

(2.5) ||i/|U= maxj|i?,||, 

respectively. The two norms || • ||(i,oo) < II • lloo play a crucial role in this paper. In 
order to distinguish the two cases, the prefixes L^^'°°^ and L°° will be attached to 
various objects defined below, and the subscripts or superscripts (1, oo) and oo will 
be used where appropriate. 

For reasons explained in [MS lib) , we define the norm of the conformal factor 
h: [0,1] X M — > R of a contact isotopy by the maximum norm, 

(2.6) 1^1= max max |/i(t, a;)|, 

o<t<ixeM 



which is in fact equivalent to the norm p.5|) . 

We sometimes also consider contact isotopies that are not necessarily based at 
the identity. That is, we consider isotopies ^ — ip o $^ = {-0 0^}, where $// is a 
contact isotopy in the usual sense, with (f>jj = id, and tp G Diff(M, ^). This isotopy 
solves the ordinary differential equation (|2.ip with (contact) vector field 4'*Xh and 
initial condition ^q = ip, and thus the Hamiltonian of $ is the smooth function 
F = [e^ ■ H) o ip~^, where ip*a — e^a. By a slight abuse of notation, we write 
$ = $i?, but explicitly mention the time-zero map tp in this instance. Note that 
one could also work with isotopies of the form $ — $// o 0. The latter solves the 
same ordinary differential equation as the isotopy ^h with initial condition c/jq = ip- 
If no explicit mention is made of the time-zero map of an isotopy, it is assumed to 
be the identity. 

3. Topological contact dynamics 

A choice of Riemannian metric determines a distance d between points on M, 
and thus a distance between two homeomorphisms (j) and -0 of M by 

(3.1) d{(l),'ip) = max d{(j){x),^jj{x)). 

x£M 

This metric induces the compact-open topology, and in particular, the actual choice 
of Riemannian metric is mostly irrelevant. The metric in equation p.l|) is not 
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complete, but it gives rise to a complete metric d that also induces the compact- 
open topology on the group of homeomorphisms of M, where d is defined by 

In both cases, one also obtains a distance between isotopies $ = {(j)t} and ^ = {V'tli 
equal to the maximum of the distance of the time-t maps (f>t and ■0t • The metric 

d($,*) = max d{<j>t,ipt) 

is again complete, whereas d(<l>, ^) is not complete. However, if a sequence $i of 
isotopies converges uniformly to an isotopy of homeomorphisms $, i.e. a limit with 
respect to d exists, then this sequence is also Cauchy with respect to d, and converges 
to the isotopy $. The same remark applies to sequences of homeomorphisms. The 
distance d is called the C'^ -metric. Composition and inversion of difFeomorphisms 
and of isotopies (at each time t) are continuous with respect to the C°-metric. 

Definition 3.1 (Contact metric IMSllbh . The contact distance between smooth 
contact isotopies ^h and ^p is the number 

d„($ff , $f) = d„(($ff , iJ, h), {<^F, F, /)) = rf($H, ^f) + \h-f\ + \\H - F\\. 

Here || ■ || denotes either one of the two norms (|2.4|) or ()2.5|) . and the resulting 
distances are also called the I/*^-'^'°°^-contact metric and the L°°-contact metric. 

Definition 3.2 (Topological and continuous contact dynamical system (MSllbj ). 
Let $ — {4>t} be a continuous isotopy of homeomorphisms of M, and H and 
h: [0,1] X A'f —> R be time- dependent functions on M. The triple {^,H,h) is 
called a topological contact dynamical system if there exists a sequence of smooth 
contact dynamical systems (^Hi, Hi^hi), such that the smooth contact isotopies 
$//. — {0^.} converge uniformly to the isotopy $, the corresponding conformal 
factors converge uniformly to the continuous function h, and the sequence Hi of 
Hamiltonians satisfies \\H — -ffi||(i,oo) ~^ 0. The function H is called a topological 
Hamiltonian with topological contact isotopy $ and topological conformal factor h. 
The set of topological contact dynamical systems is denoted by TCT>S{M,a). The 
extension of the L^^'°°' -contact metric da to TC7)S{M,a) is again denoted by da, 
and the induced topology is called the contact topology. 

The triple ($, H, h) is called a continuous contact dynamical system if the above 
sequence Hi converges to H with respect to the metric induced by the L°° -norm 
\2.5\) . In that case, the continuous function H is called a continuous Hamiltonian 
with continuous contact isotopy $ and continuous conformal factor h. The subset of 
continuous contact dynamical systems is denoted by CCT>S{M,q), d^ also denotes 
the extension of the L°° -contact metric to CC'DS{M,a), and the induced metric 
topology is again called the contact topology. 

If in the sequences above each hi is zero, or in other words, the isotopies ^Ui 
are strictly contact and their Hamiltonians are basic, then {^h,H) is by definition 
a topological or continuous strictly contact dynamical system, respectively [BS12'. 
The resulting sets TSCT>S{M,a) and CSCT>S{M , a) carry induced contact metrics 
and contact topologies. Their elements are sometimes also denoted by (^h,H,0). 
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We recall that the metric d, and the metrics induced by the norms | • | and || • ||, 
are complete in the following sense: every Cauchy sequence of isotopies with respect 
to the C'^-metric converges uniformly to a continuous isotopy of homeomorphisms, 
and a Cauchy sequence of time-dependent continuous functions with respect to the 
metric induced by either of the norms | • | or || ■ || converges to a time-dependent 
function on M, which is continuous in the case of the maximum norm p.6p or the 
L°°-norm (|2.5|) . In particular, a topological or continuous contact dynamical system 
is defined uniquely by an equivalence class of Cauchy sequences of smooth contact 
dynamical systems, and similarly for strictly contact dynamical systems. 

In the _L^^'°°)-case, the topological Hamiltonian H : [0, 1] x A/ — > M may not be 
continuous but only L^ in the variable t € [0, 1]. However, by standard arguments 
from measure theory, Ht is defined for almost all t G [0,1], and is a continuous 
function of the space variable x G M for each such t. A topological Hamiltonian 
can be thought of as an element of the space of functions L^{[0,1],C'^{M)) of 
L^-functions of the unit interval taking values in the space C''\M) of continuous 
functions of M. Strictly speaking, such an object is an equivalence class of functions, 
where two functions are considered equivalent if and only if they agree for almost 
all t € [0, 1], but as is customary in measure theory, we will mostly disregard this 
subtlety in our treatment, and speak of an L(^'°°)-function. Such functions H can 
be defined to be any continuous function at the remaining times t belonging to a 
set of measure zero. 

In order to avoid lengthy and repetitive definitions and statements, we restrict 
attention to topological contact dynamical systems where possible, and consider 
continuous contact dynamical systems in short remarks after the conclusion of a 
particular statement or cohesive discussion. 

It is shown in |MSllbl that the isotopy $/f and the topological conformal factor 
h are uniquely determined by the function H . 

Theorem 3.3 (Uniqueness of topological contact isotopy and topological conformal 
factor [MSllbp . If{^,H,h) and {^,H,g) are two topological contact dynamical 
systems with the same topological Hamiltonian H , then <f> = ^ and h — g. 

This result justifies writing $ = $/f for the limit of the smooth isotopies ^Hi- 
As a special case, we have the following rigidity result for smooth contact isotopies 
and their conformal factors. 

Corollary 3.4 (Rigidity of contact isotopies and their conformal factors jMSllbj ). 
Suppose {^j^., Hi,hi) is a Cauchy sequence of smooth contact dynamical systems, 
and further suppose that the Hamiltonians H^ converge to a time- dependent smooth 
function H on M . Then ^Ht -^ ^h o,rid hi — > h uniformly, where ^h is the smooth 
contact isotopy generated by the smooth contact vector field Xh, and the smooth 
function h is given by (0^)*a = e''*a. 

In other words, if \\H — Hi\\ — > 0, and the limit H happens to be a smooth 
function, then the a priori only continuous limits of the sequences $if . and hi must 
be smooth as well, and coincide with the contact isotopy and conformal factor 
generated by the limit isotopy H. 
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Moreover, the set of triples {^H,H,h), where iJ is a topological Hamiltonian 
with topological contact isotopy ^h and topological conformal factor h, forms a 
topological group. 

Theorem 3.5 ( [MSllb] ). The space TC'DS{M,a) of topological contact dynamical 
systems with the contact topology forms a topological group under the operation o 
determined by the formula 

i^H, H, h)-^ o {^F^F, f) = ($^1 o $F, e-'' ■ ((F - H) o <^h)J -ho<^-^o $p). 

The identity element is (id, 0, 0), and the space of smooth contact dynamical systems 
with its usual composition forms a topological subgroup. The subspace TSCT>S{M, a) 
of topological strictly contact dynamical systems is a topological subgroup, and in 
turn, the space of smooth strictly contact dynamical systems forms a topological 
subgroup of TSCVS {M , a) and TCT>S{M,a). 

We would like to point out that all of the definitions and statements in section [2] 
make sense for time-dependent C^-smooth Hamiltonians for which the continuous 
vector field Xh defined by the identities (|2.2|) is uniquely integrable. Moreover, 
it is shown in |MSllbj that these generalizations lead to the same definition of a 
topological contact dynamical system. 

Theorem 3.6 ( [MS lib] ). Let H: [0, 1] x Af -> K be a continuous function that is 
continuously differentiable in the variable x G M , and assume the time- dependent 
continuous vector field Xh is uniquely integrable. Denote by $// the continuous 
isotopy generated by Xh, and by h: [0, 1] x M — >■ R the continuous function defined 
by equation i2.3\) . Then (^H,H,h) is a topological contact dynamical .system. 

For instance, a C^-smooth Hamiltonian H satisfies these hypotheses. 

Lemma 3.7. Suppose {^Hi,Hi,hi) is a sequence of topological contact dynamical 
.systems that is Cauchy with respect to the contact metric da- Then the sequence 
{'^ Hi, Hi, hi) converges with respect to the contact metric, and the limit {^H,H,h) 
is a topological contact dynamical system. 

Proof. Choose a diagonal subsequence of smooth contact dynamical systems that 
converges to ($_?/, H,h). D 

Similar results hold for contact C^-diffeomorphisms, i.e. C^-diffeomorphisms that 
preserve the hyperplane field ^ C TAI , and for topological automorphisms. In that 
case the conformal factor is a continuous function. See the next section for details. 
With the exception of section [TTJ we will therefore in general restrict attention to 
smooth Hamiltonians and diffeomorphisms that are of class C°° . 

The results in this section are equally valid with topological contact dynamical 
systems replaced by continuous contact dynamical systems, and continuous strictly 
contact dynamical systems replacing topological strictly contact dynamical systems 
in all of the above statements and results. 
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4. Topological automorphisms 

A brief motivation of the definitions of a topological automorphism of the contact 
structure ^ = kera and a topological automorphism of the contact form a is in 
order. The group DifF(Af , ^) of contact difFeomorphisms can be viewed as the group 
of smooth transformations of M that preserve smooth contact dynamical systems. 
Recall from section [2] that a smooth contact isotopy $ = ^h is uniquely determined 
by the time-dependent smooth function H : [0, 1] x Af ^- M that is defined by the 
relation a{X\j) — Ht- Here Xh again denotes the smooth contact vector field that 
generates the isotopy $ in the sense of equation (j2.ip . and which in turn can be 
obtained from H via (|2.2p . A contact vector field can be written Xh — Yh + HR, 
where Yh = Xh — HR e ker a = ^, and R denotes the Reeb vector field of the 
contact form a. That is, the dynamics of Xh are determined completely by its 
Reeb components a{Xjj) — a{Y^ + HtR) — Ht- If V' £ Diff(M, ^) is a contact 
diffeomorphism with ■0*« — e^a, then the conjugated isotopy ip ° ^h ° 4'^^ = 
{-0 o (/)|f o f/;"^} is generated by the smooth contact vector field ip^Xn- Its Reeb 
component at time t has the coefficient function 

a(V*^l,) = ai^^Y^j + (Ht o ^~^) ■ ^,i?) = (Ht o 4-^) ■ a{i^,R) 

since "0*^ — S, — ker a. Moreover, 

a(^,R) = (^-i)*((7/;*«)(i?)) = (^-i)*(e%(i?)) = e'?°'^"\ 



proving the last identity of Lemma 12.21 with -0 replaced by its inverse. That means 
the conjugated smooth contact isotopy 0o<I>^o?/;~^ is determined completely by the 
Hamiltonian H of the isotopy $//, the topological behavior of ■0, and the conformal 
factor g of the contact diffeomorphism -0. Compare to Theorem 14.31 below. 



Definition 4.1 (Topological automorphism jMSllb] ). A homeomorphism of M 
is a topological automorphism of the contact structure ^ if there exists a sequence 
of contact diffeomorphisms (fn £ Diff(Af, ^) that converges uniformly to 0, and the 
smooth conformal factors hi given by (j)*a = e'^'a converge uniformly to a function 
h on M . The continuous function h is called the topological conformal factor of the 
topological automorphism 0. The homeomorphism (j) is a topological automorphism 
of the contact form a if its topological conformal factor h is zero. The groups of 
topological automorphisms of the contact structure ^ and of the contact form a are 
denoted by Aut{Al,^) and Ant {M, a), respectively. 

It is shown in jMSllb) that the topological conformal factor h is determined 
uniquely by the homeomorphism and the contact form a. That is, if there exists 
another sequence of contact diffeomorphisms ipi that converges uniformly to the 
topological automorphism 0, and if the functions gi given by 'ipiCt = e^'a converge 
uniformly to a function g, then we must have g = h. The set Aut(Af, ^) forms a 
group, and as the notation suggests, this group does not depend on the choice of 
contact form a. The topological conformal factor with respect to another contact 
form e-^a is the continuous function h + {f o cj) — f). Moreover, the formulas for the 
conformal factors of the composition of two topological automorphisms and of the 
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inverse of a topological automorphism extend those in Lemma 12.11 See [MS lib] for 
details. 

As a consequence of the above, the usual transformation law in smooth contact 
dynamics extends to topological contact dynamics. The same statement is valid for 
continuous contact dynamical systems. 

Theorem 4.2 (Transformation law jMSllbj ). If{^,H,h) is a topological contact 
dynamical system, and tp is a topological autom,orphism of the contact structure S, 
with topological conformal factor g, then the conjugated system 

lp~^ o ($, H, h) oijj — (ip^^ o $ o ?/;, e^^{H OTp),ho'ip + g — g o ijj^^ o $ o ?/;) 

is a topological contact dynamical system. If (<&, H) is a topological strictly contact 
dynamical system, and ip is a topological automorphism of the contact form a, then 

■0^"^ o (cf), H) oip = {ip^^ O^ Oljj,H oip) 

is a topological strictly contact dynamical system. 

As a special case of this theorem, we have the following application to smooth 
contact dynamics concerning topologically conjugate smooth contact vector fields. 
The proof uses the Uniqueness Theorem 13.31 



Theorem 4.3 ( jMSllb| ). Suppose {<j)\j} and {(!>%} are smooth contact isotopies, 
and (j) is a topological automorphism of the contact .structure ^ with topological 
conformal factor g . If H = e^^{F o (f)), then {(fi^jj} = {(f)^^ o (f)*p o (f)} . 

Corollary 4.4 ( |MSllb] ). Suppose (p is a topological automorphism of ^ ~ kera 
with topological conformal factor g, and assume that g is smooth. Then the Reeb 
vector fields of the contact forms a and e^a are topologically conjugate. 

The converses to Theorems 13.31 and 14.31 will be proved in the sequel |MS12| . 
See section [Til for examples of topologically conjugate smooth contact vector fields 
that are not conjugate by contact C^-diffeomorphisms, and [MSllaj for the case of 
topologically conjugate smooth strictly contact and Hamiltonian vector fields. 

The proof of Theorem 14 . 2 1 consist s of showing that if {^Hi, Hi, hi) is a sequence 
of smooth contact dynamical systems that converges with respect to the contact 
metric da to the topological contact dynamical system ($,_ff, /i), then the smooth 
contact dynamical systems V"^ ° i^Ht ,Hi,hi) o^ converge to V'"^ ° {^i H, h) o tp. 
In the special case Hi = 1 for all i (i.e. ^Hi is the Reeb flow), the Hamiltonians 
e~^' • 1 must converge uniformly. Thus the assumption of uniform convergence of 
the conformal factors in Definition 14.11 is not only sufficient but also necessary to 
prove this form of convergence in the extension of the transformation law. 

For further motivation of Definition 14.11 recall that if is a diffeomorphism of 
the contact manifold (M, ^), and ft is a smooth function on M, then the lifted 
diffeomorphism (j){x, 6) — {(pix), 9 — h{x)) of the symplectization {M x M, ~d{e^a)) 
of (M, a) is symplectic, if and only if (p is contact with (p*a = e^a. By definition, a 
symplectic homeomorphism is the C^-limit of symplectic diffeomorphisms M O07J . 
Then is a topological automorphism of the contact structure S, with topological 
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conformal factor h, if and only if the honicomorphisni (j){x, 9) = {4>{x), — h{x)) is an 
admissible symplectic homeomorphism of the symplectization of {M,a) [MSllbj . 
Topological automorphisms of a contact structure are C'^-rigid in the following 
sense. 

Theorem 4.5 (C'^-rigidity of contact diffeomorphisms and their conformal factors 
[MSllbj ). Let (f) € Aut(M, ^) be a topological automorphism of ^ = kera with 
topological conformal factor h. If cf) is smooth, then the function h is smooth, and 
<j) is a contact difjeomorphism with (/)*q; = e'^a. 

In fact, the statement of the theorem is a local statement. That is, if is smooth 
at a point, then in a neighborhood of that point, is a local diffeomorphism, h 
is smooth, and (/)*« = e^a. Note that a priori h need not necessarily be a smooth 
function, so that the lift 4>{x, 6) = {4>{x), 9 — h{x)) to the symplectization is a priori 
not a smooth map. 

The following two lemmas help put Definition 14.11 into a sharper perspective. 

Lemma 4.6. Suppose <j)i is a sequence of contact diffeomorphisms with (j)*a — e^^a 
that converges uniformly to a homeomorphism (p. Then for every open subset U of 
M , the average values 



e' 



("+i)'''i/„^ / ((/.-!)*;/„> as i 



Proof. The push-forward measures {<j>~ )*i^q are given by integration of the volume 
forms (t)*iya — e^^'^^^'^^Va. Since ^ is a homeomorphism, the sequence 0^ converges 
with respect to the C°-metric, and thus the induced measures converge in the weak 
metric to the measure {4>~^)*i'a |Fat80| . Evaluation on an open subset is lower semi- 
continuous, and evaluation on a closed subset is upper semi-continuous |DGS76| . 
The stated convergence then follows from the fact that integration over U and its 
closure U coincide. D 

However, C'^-convergence of a sequence of contact diffeomorphisms alone is not 
sufficient to guarantee even point-wise convergence of the functions hi. 

Lemma 4.7. Suppose (j)i is a sequence of contact diffeomorphisms of M, x G M, 
and c G [— cxd, +oo]. Then there exists another sequence of contact diffeomorphisms 
Tpi with ip*Oi — e^'a, so that gi{x) -^ c as i -^ oo, and for every open neighborhood 
U ofx, we have V'ilu = 4'i\u fori > iu sufficiently large. In particular, the sequence 
4>~ o f/jj converges to the identity uniformly. 

Proof. The proof follows easily from Darboux's theorem. Let fi be any smooth 
functions on M with fi{x) — > c as i — > cxd, and Ui D U2 D U3 D . . . he a nested 
neighborhood basis of the compact-open topology of M at the point x £ M . By 
Darboux's theorem, there exist diffeomorphisms ^pi that are compactly supported 
in Ui, and interchange the contact forms (j)*a — e'**a and e-'^a near the point x. 
Then the sequence ipi = 4>i o ipi has the desired properties. D 



TOPOLOGICAL CONTACT DYNAMICS II 13 

In order to gain a better understanding of the conformal factor h and of the 
hypotheses of Definition 14.11 recall again that if (/) is a contact diffeomorphism of 
the contact structure ^ = ker a with conformal factor h, then 

e'* = e'^a (R) ^ {<p*a){R) = (/)*(a(0*i?)) = a{d<j>{R)). 

That is, the function e'' is the partial derivative of (p in the Reeb direction and along 
the Reeb orbits, or the infinitesimal translation by of the hyperplanes ^ C TM 
along the Reeb orbits of the contact form a. As remarked above, given a sequence 
of contact diffeoniorphisms, convergence of these partial derivatives is independent 
of the choice of contact form a. Let us picture this in local Darboux coordinates. 
By the contact neighborhood theorem, near a point p G M we may choose local 
coordinates z, ui, . . . , U2„, so that a tubular neighborhood of the piece of Reeb 
orbit through p is parameterized by pieces of Reeb orbits, where the variable z 
parameterizes the piece of Reeb orbit through p, R — -^, and -^ € ^ is a basis of 
the normal bundle to the Reeb orbit near p. In these local coordinates, 

h f^j,ru\\ I ST^ d{zo (j)) d d{zo<l)) d \ 9(zo0) 



e"" = a{d(t){R))^a\y \ ^ — + 



^-^ dui dui dz dz j dz ' 

\i— 1 / 

where z denotes the projection to the zero section of the normal bundle of the piece 

of Reeb orbit through p. Given a sequence of contact diffeomorphisms (f)i, by the 

chain rule convergence of the partial derivatives e'*' does not depend on the choice 

of Darboux coordinates. 

Lemma 4.8. Suppose (j) is a contact C^ -diffeomorphism, and that the second-order 
partial derivatives X.(a{d(j){R))) exist and are continuous for all X £ S.- Then 4> 
can be C^ -approximated by contact diffeomorphisms (j>i, and if (f)*a = e'^'a and 
4>*a = e^a, then the smooth functions hi converge to the continuous function h 
uniformly. In particular, (f> is a topological automorphism of the contact structure 
^ = ker a with topological conformal factor h. 

For example, a contact C^-diffcomorphism satisfies the hypotheses of the lemma. 
In the above local coordinates z,ui, . . . ,U2n, the condition on the second-order 
partial derivatives in the lemma is that the partial derivatives 



-(a(#(i?))) = ^— e" 



dui dui dui dz 

exist and are continuous for i — 1, . . . , 2n. As the proof given below shows, it is 
equivalent to assume the second-order partial derivatives R.{a{d(f>{X))) exist and 
are continuous for all X G ^. 

Before giving the proof of Lemma [4.8[ we first prove another lemma that together 
with Lemma l4. 81 gives precise meaning to the statement after Lemma 13.71 regarding 
contact C^-diffeomorphisms and topological automorphisms of a contact structure 
or a contact form. 

Lemma 4.9. Let (j)i be a sequence of topological automorphisms of the contact 
structure ^ with topological conformal factors hi, and suppose the homeomorphisms 
4>i converge uniformly to a homeomorphism 4>, and the continuous functions hi 
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converge uniformly to a Junction h. Then cf) is a topological automorphism of the 
contact structure ^ with topological conformal factor h. 

Proof. Choose a diagonal subsequence of contact diffeomorphisms that converge 
uniformly together with their conformal factors. D 

Analogous results for strictly contact C^-diffeoniorphisms and for topological 
automorphisms of the contact form a follow immediately, and the corresponding 
results for symplectic C^-diffcomorphisms can be proved similarly. 

Proof of Lemma \4.8\ Consider the set of C^ -diffeomorphisms ip of M for which 
the second-order partial derivatives X.(a{dip(R))) exist and are continuous for all 
X (z ^. Equip this set with the topology induced by the subbasis consisting of 
sets of the form JV{ip; U,V -> M^n+i. ^. ^^^ ^j^gj.g u^y _^ r2«+i ^^^ ^^^^^^ Darboux 

coordinates as above, K C U is a compact subset with (f{K) C V, and < e < -|-oo. 
Then tfj G J\f{(p; U,V ^ M^n+i. ^. g) jf ^(^j^-^ ^ y ^nj the local representations of 
the restrictions to K of ip and ip together with their first-order partial derivatives 
and the second-order partial derivatives specified above are within e of each other. 
By a straightforward modification of a classical theorem in differential topology 
(see for instance Theorem 2.7 in |Hir94] ). there exist C°°-diffeomorphisms ipi that 
C-^-converge to </), and moreover, the partial derivatives X.{a{d'ipi{R))) converge 
uniformly to the continuous function X .{a{d4>{R))) for all X ^ ^. 

Define smooth functions hi by {ip*a){R) = e^', and write ip*a = e^^a -f f3i for 
unique one-forms Pi with /3i{R) = 0. By hypothesis, the one-forms ipi'x converge 
uniformly to the one form (j)*a — e^a, so the functions hi converge to h and the 
one-forms /3i converge to zero uniformly. Moreover, 

d(e'**) A a + e'**da + d(3, = d(C") = i^U^a) — > (t>*{da) = d{(j)* a) = d{e^a). 

The function e^ need not be C^-smooth, but the one-form e^a is continuously 
differentiable. By the hypothesis on the second-order partial derivatives, the two- 
forms d{e^^) A a converge uniformly to the two- form d{e'^) A a, which makes sense 
because the latter only contains partial derivatives of e'' in the directions of the 
hyperplanes ^. Therefore the two-forms d/3i converge to zero uniformly. 
Define a sequence of one-parameter families of one-forms by 

a* = (1 -t)e'''a + tipia = e'^'-a + t^, 

with da* = d{e^') Aa + e^^da -|- tdj3i. Since j3i and dj3i converge to zero uniformly, 
the {2n + l)-forms v^t > for i sufficiently large, and a\ is a one-parameter family 
of contact forms. By Gray's stability theorem (see e.g. IGeiOSj ). there exist families 
of vector fields X* so that [i'^x-T'A — ^^' ^^i — e'^''^^' Oi for all t and all i sufficiently 
large, where 

/■* 

ft 



Jo 
and the functions g| are defined below. Define (j)i = ipi o (px.. The diffeomorphisms 
6i are contact with 6* a — e^''^-^^ a. 
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Since the one-forms a* are smooth, the vector fields X* and their flows are C°°- 
smooth, and are given by the defining relations Xl G ker a\ and 

i{Xl)da\ = gla\ - —a\ = gla\ - A, 
where the smooth functions 5* are defined by 

and R\ denotes the Reeb vector field of a\. In particular, if ipi is contact at a point 
p, then X*(p) = 0, and thus the isotopy {0^.} is stationary at p, and 0i(p) = ipi{p)- 
Since the one- forms a* and the two- forms da* converge uniformly to (j)*a and 
<j>*{da), respectively, the smooth vector fields R* converge uniformly to the vector 
field (f>.^,R, and in particular have bounded coefficients independent of i and t. Since 
/3i — 7- uniformly, the functions gj converge to zero uniformly. As a consequence, 
the vector fields X* converge to zero uniformly as well. By the standard continuity 
theorem from the theory of ordinary differential equations, their fiows t/)^. converge 
to the identity uniformly. Therefore the sequence 4'i converges to (p uniformly, and 
the conformal factors fi converge to zero uniformly. D 

Similarly to the case of smooth isotopies, we can also consider topological or 
continuous contact isotopies whose time-zero map is not necessarily the identity. 
That is, we consider isotopies ^ = tp o ^j^ — {ip o (/)^}, where $// is a topological 
contact isotopy in the usual sense, with (p^ = id, and ip e Aut(M, ^). This isotopy 
corresponds to the topological Hamiltonian F = {e^ ■H)otlj^^, where g is the unique 
topological conformal factor of the homeomorphism ip. Again by a slight abuse of 
notation, we write $f = ^- Note that one could also work with isotopies of the 
form $ — $// o Ip. Again if no explicit mention of the time-zero map of an isotopy 
is made, it is assumed to be the identity. 

5. Contact homeomorphisms 
Denote by 

(5.1) evi: rCVS{M,a) -^ Homeo(Af), {<^H,H,h) h-> 0]^, 

the time-one evaluation map that assign to a topological contact dynamical system 
($//, H, h) the time-one map p = <p\^ of the isotopy ^h- 

Definition 5.1 (Contact homeomorphism (MS lib) ). A contact homeomorphism 
is the tim,e-one m,ap of a topological contact isotopy. The group Homeo(M, ^) of 
contact homeomorphisms is the image of the time-one evaluation map iS.l]) . 

It is shown in [MSllbj that IIomeo(A/, ^) indeed forms a group, and thus is a 
topological subgroup of the group Homeo(Af ) of homeomorphisms of the manifold 
M with the C°-topology induced by the C"-mctric. Moreover, 

(5.2) Diff (M, C Homeo(A'f, C) < Aut(M, ^) C Homeo(M), 
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where the second inclusion is as a normal subgroup in the group of topological 
automorphisms of the contact structure ^. Properness of the first inclusion is proved 
in section [TT] for all contact manifolds. 

Proposition 5.2 ( [MSllb] ). The group Homeo(M, ^) is path- connected under the 
C° -topology. Thus Homeo(M,^) < Auto(A/,0 C Homeoo(M). 

In order to give the proof, we need to recall the following lemma from [MS lib) . 

Lemma 5.3 ([MSTTb]). Let ($//,iJ, /i) he a topological contact dynamical system. 
For every s S [0, 1], the triple ($_ffs, H'^ ^ ft,*) is also a topological contact dynamical 
system with time-one map (j)'^^, where $//= — {(/i^s} = {</'|/}j o,nd the topological 
Hamiltonian H^ and the topological conformal factor h'^ are given by the formulas 
H''{t, x) — sH{st, x) and h''{t, x) — h{st, x). 

Proof of Provosition \5.2[ The first statement follows at once from Lemma l5.3[ and 
the inclusions in the second statement are consequences of (|5.2p . D 



A different topology that takes into account the topological and the dynamical 
nature of contact homeomorphisms defined as time-one maps of topological contact 
isotopies is studied in the next section. 

The definitions and results in this section are again also valid with topological 
contact dynamical systems replaced by continuous contact dynamical systems. In 
order to distinguish the two cases, we attach the subscripts or superscripts (1, oo) 
and oo where appropriate. In particular, the groups of contact homeomorphisms 
IIomeO(i_oo) {M, £,) and HomeOoo(.M, ^) denote the time-one maps of topological and 
continuous contact dynamical systems, respectively. In this case, the distinction is 
actually not necessary. 

Theorem 5.4. The two groups IIomeO(ioo)(-^jO and lio-meOoo{M,(_) of contact 
homeomorphisms coincide. 

In view of this theorem, we may omit the subscripts from the notation. This result 
is the analog of a theorem concerning the Hamiltonian homeomorphism group of 
a symplectic manifold that appeared in |Miil08al IMiilOSb] . and the line of proof 
follows the one given there. The two main differences in the present case are the 
additional term \c{Ht)\ in the norm \\Ht\\ at each time t, and the appearance of the 
conformal factors in the formulas for composition and inversion of contact isotopies 
as well as for conjugation by a contact diffeomorphism. We will in fact demonstrate 
the following more technical result. 

Lemma 5.5 (Main Lemma). Let (^H,HTh) be a topological contact dynamical 
.system. Then there exists a continuous contact dynamical system (4>i;',i^, /) with 
the same time-one map (f)p = (j)\j. Given e > 0, the continuous contact dynamical 
system {^p,F,f) can be chosen so that either 

(5.3) d($f,$H)<e, \f-h\<e, and \\F - H\\^^^^^ < e, 
or 

(5.4) d($j.,id)<d($H,id) + e, |/|<|ft|+e, and |li^|U < I|i?I|(i.oo) + £• 
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In fact, {^F,F,f) is smooth everywhere except possibly at time one, i.e. the maps 
{t,x) t-)- 0|,(x), {t,x) *—;■ {4>*p{x))~^ , {t,x) I— >■ Ftix), and (t,x) *->• ft{x) are smooth 
except possibly at t — 1. 

In section [7] we explain a procedure for regularizing a smooth contact isotopy 
that is similar to the regularization of smooth Hamiltonian isotopies carried out 
in Section 5.2 in |Pol01| . This step is crucial in the proof in the Hamiltonian case 
in [MiilOSbj IMiilOSaj and in the contact case in the present paper. It implies that 
generically, in a sense to be made precise below, the tangent vector to a contact 
isotopy never vanishes. As in the case of curves in finite-dimensional manifolds, 
one can then reparameterize the isotopy to have nearly constant speed throughout. 
After some preparations in the subsequent section [8l Lemma 15.51 will be proved in 
Section [HI Assuming the Main Lemma 15.51 we first deduce Theorem 15.41 

Proof of Theorem \5.4\ The inclusion HomeOoo (-M, ^) C HomeO(i.oo)(Af, ^) follows 
immediately from the definitions. To prove the theorem, it only remains to show 
HomeO(i_oo)(M, ^) C HomeOoo (M, ^) . Let G Homeo(i.oo)(A/, ^). By definition, 
there exists a topological contact dynamical system {^h, H, h) such that — (f)\j. 
By Lemma l5.51 there exists a continuous contact dynamical system {^Fi Fi f) with 
the same time-one map (pp = (j), and thus (j) e HomeOoo {M, ^) . D 

Denote by 

(5.5) evi : TSCVS{M, a) -^ Homeo(M), {^h,H) ^ 4>]j 

the time-one evaluation map that maps a topological strictly contact dynamical 
system ($_?/, H) to its time-one map (f)\j. This notation is not ambiguous, since the 
restriction of the time-one evaluation map (j5.ip on TC'DS{M, a) to TSC'DS{M, a) 
coincides with the time-one evaluation map (j5.5p . The same observation applies to 
the restrictions to continuous contact and strictly contact dynamical systems. 

Definition 5.6 (Strictly contact homeomorphism IBS12] ). The time-one map of a 
topological .strictly contact isotopy is a strictly contact homeomorphism. The group 
Honieo(Af, a) of strictly contact homeomorphisms is the image of the map 15.5)] . 

By |BS12j . the set Homeo(Af, a) indeed forms a group, and thus is a topological 
subgroup of IIomeo(A/) with the C"-topology. Moreover jBS121IMSl"Tb] , 

(5.6) Diff(A'/, a) C IIomeo(M,a) < Aut(Af,Q:) C Homeo(M), 

and the first inclusion is proper if the contact form a is regular |BS12] . Concerning 
strictly contact homeomorphisms, we have the following results. 

Proposition 5.7 f JBS121 [MSllbj ). The strictly contact homeomorphism group is 
path-connected in the C^ -topology, awrf Homeo(M, a) < Auto (M, a) C Homeoo(M). 

All of the above definitions make sense for continuous strictly contact dynamical 
systems, and the preceding results and their proofs are verbatim the same. 

Theorem 5.8. The strictly contact homeomorphism groups Homeon ^^'[(M, a) and 
HomcOoo (Af , a) coincide. 
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This theorem appears in jBS12| for regular contact manifolds. We will prove the 
theorem by establishing a result similar to the Main Lemma 15.51 for topological 
strictly contact dynamical systems. See section IH] for the proof. 

Lemma 5.9. Let {^h,H) be a topological strictly contact dynamical system. Then 
there exists a continuous strictly contact dynamical system {^p^F) with the same 
time-one map <p^ — <p^. Given e > 0, the continuous strictly contact dynamical 
system (^p,F) can be chosen so that either 

d{^F,^H)<e and ||F - iJ||(i_^) < e, 

or 

d(*F,id) <d($H,id) + e and ||i^||oo < I|i?I|(i,oo) + £■ 
In fact, ($F, F) is smooth everywhere except possibly at time t — 1. 

Proof of Theorem \5.8\ The proof is verbatim the same as the proof of Theorem 15. 41 
with the reference to Lemma 15.51 replaced by a citation of Lemma 15.91 D 



6. The contact topology 

Recall that the contact topology on the space TC'DS{M, a) of topological contact 
dynamical systems is the metric topology induced by the contact metric 

d^ii^H,H,h),i'PF,F,f))^d{^H,'^F) + \h-f\ + \\H-F\\ 

defined in section |3l The time-one evaluation map 

(6.1) evi : TCVS{M, a) -^ Homeo(M, 0, i^H,H, h) ^ cjyjj 

assigns to a topological contact dynamical system {^H,H,h) the time-one map 
of the isotopy ^h- This map evi is by definition surjective, and thus induces the 
usual quotient topology on the set Homeo(Af, ^), called the contact topology on 
Honieo(il/, ^). By definition, the evaluation map (j6.ip is continuous. The metric da 
does not necessarily project to a metric on Homeo(M, ^), since da is neither left 
nor right invariant, and thus the triangle inequality may be violated, cf. |Miil08a) . 
See [MS lib) for remarks on the failure of left and right invariance of the contact 
metric on TCVS{M, a). 

On the other hand, the usual composition of homeomorphisms induces a group 
structure on the set Homeo(Af, ^) C Homeo(Af), and the time-one evaluation map 
evi becomes a homomorphism. Therefore the contact topology on Homeo(M, ^) is 
metrizable. In fact, both topological spaces TCVS{M,a) and Homeo(M, ^) admit 
left invariant metrics. This follows from the next two results. 

Theorem 6.1 ( [Bir36[ lKak36[ [Kle52) ) . A topological group admits a left invariant 
metric if and only if it is first countable. 

Note that in our notation a topological group is assumed to be Hausdorff. See the 
references in the theorem for explicit constructions of such left invariant metrics. 

Theorem 6.2. The projection map evi induces the structure of a first countable 
topological group on the topological space Homeo(M, ^) with the contact topology. 
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Corollary 6.3. The space Honieo(Af, ^) equipped with the contact topology admits 
a left invariant metric that generates its topology. 

Proof of Theorem ] 6. SI By Theorem l3.51 the space TC'DS{M, a) forms a topological 
group with the contact topology induced by the contact metric da- In particular, the 
contact topology on TCT>S{M,a) is first countable, and left and right translations 
in TCT>S{M, a) are continuous. As a consequence, the projection map evi is also 
open. Indeed, let U be an open set in TCVS{AI, a), then 

ev-^ (evi(Z^)) = U i^H,H, h)oU = \Jl(o ($«, iJ, h) 

is open, where the unions are taken over all topological contact dynamical systems 
{^H, H, h) with time-one map the identity. Therefore evi(W) is open by definition of 
the quotient topology. That makes Homeo(M, ^) a topological group with respect to 
the contact topology, and moreover, the projection of a first countable neighborhood 
basis at an element (4>, H, h) oiTCVS{M, a) defines a first countable neighborhood 
basis of the contact topology on IIomeo(Af, ^) at (t)\j. D 

In fact, the same proofs verify that the two topological groups of topological 
Hamiltonian dynamical systems and of Hamiltonian homeomorphisms with the 
Hamiltonian topologies |MO07[ IMiilOSal IMiilOSb) admit left invariant metrics. 

Theorem 6.4. The group of contact homeomorphisms with the contact topology is 
path- connected and locally-path- connected. Any two contact homeomorphisms can 
he connected inside IIomeo(M, S,) by a topological contact isotopy. 

Proof. To prove path-connectedness, it suffices to show every S IIomeo(M, S,) can 
be connected to the identity by a path t : [0, 1] -> IIomeo(Af , ^) that is continuous 
with respect to the contact topology, and with ^(0) — id and ^(1) — cj). By definition, 
there exists a topological contact dynamical system ($h, H, h) with time-one map 
<t)\j = (j>. Define £{s) = (f)j^. By Lemma [5.31 this path factors through the group of 
topological contact dynamical systems via the evaluation map evi, and it suffices to 
show that the function s H> ($//= , i?**, h'^) is continuous with respect to the contact 
metric on TCVS{M, a). 

Let e > 0. It clearly suffices to show that d{^H'',^H=) < 3e, j/i'" — ft.*| < 3e, 
and IJiJ'' — iJ^II < 3e, provided \r — s\ is sufficiently small. There exists a sequence 
{^Hi,Hi,hi) of smooth contact dynamical systems, such that d(<I> //,$// J < e, 
\h — hi\ < e, and \\H — i?,;|| < e for i sufficiently large. Fix such an index i. Then 

d($i/. , $ff = ) < d($H^ , $Hf ) + d(*H'- ,*//=)+ 'd{^Hi ,*//=) 
< d($H, $hJ + d($H-, $H|) -I- d($ff., $//) 

and similarly for the contact Hamiltonians and conformal factors. It only remains 
to show that d(<l>/f.-, $^=) < e, \h\ - h\\ < e, and ||iJf - Hf\\ < e, provided \r - s\ 
is sufficiently small, where the index i is fixed. 

Since the maps (t,x) i— >■ (/)*j^.{x) and (i,x) i— ?► (0/f.)~^(2;) are continuous, the first 
inequality is obvious. Moreover, h1{t,x) = hi{rt,x), and hi is continuous, so that 
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\hi(rt,x) — hi{st,x)\ < e, provided \r — s\ is sufBciently small. The function Hi is 
also Lipschitz continuous, so that there exists a constant C that satisfies 

\\Hl - i/n|(i,oo) < mi - ^nioo < C\r ^s\<e, 

provided \r — s\ is sufficiently small. See Lemma l8.f I below for an explicit constant 
C. That proves £ is continuous with respect to the contact topology, and the proof 
of path-connectedness is complete. 

It suffices to prove local path-connectedness at the identity. If {^H,H,h) is 
a topological contact dynamical system within e-distance of (id, 0,0), then so is 
($//s , H^, h^) for every s G [0, 1]. Thus the da-metiic balls of radius e > that are 
centered at the identity (id, 0,0) G TCT>S{M,a) define a basis of path-connected 
neighborhoods. Their projections via the time-one evaluation map evi form a basis 
of path-connected neighborhoods at the identity in Homeo(Af, ^). The proof of local 
path-connectedness is now verbatim the same as for path-connectedness. 

Note that the path £ chosen above is in fact a topological contact isotopy. 
By replacing H by H'' , and Hi by H^^ , for a fixed reparameterization function 
C : [0, 1] -^ [0, 1], with C = near i = and C = 1 near i = 1, any G Homeo(M, £_) 
can be connected to the identity by a boundary flat topological contact isotopy. 
The concatenation of two such topological contact isotopies is again a topological 
contact isotopy, proving the final statement of the theorem. D 

The subspace topology on the subset of topological strictly contact dynamical 
systems TSCVS{M, a) C TC'DS{M, a) is also called the contact topology, and this 
topology is induced by the restriction of the contact metric da to TSC'VS{M,a). 
The time-one evaluation map 

evi : rSCVS{M, a) -^ Homeo(Af, a), ($//, -ff) ^ <J)h 

is by definition surjective, and induces a quotient topology on Homeo(M, a), which 
is also called the contact topology. Again the evaluation map evi is a continuous 
homomorphism, and the topological spaces TSC'DS{M, a) and Homeo(M, a) admit 
left invariant metrics. The proofs of the following statements are the same as in the 
case of contact homeomorphisms. 

Theorem 6.5. The projection map evi induces the structure of a first countable 
topological group on the topological space IIomeo(Af , a) with the contact topology, 
and Homeo(Af, a) is a topological subgroup o/Homeo(M, ^). 

Corollary 6.6. The space Homeo(Af, a) equipped with the contact topology admits 
a left invariant metric that generates its topology. 

Theorem 6.7. The group IIomeo(Af , a) of strictly contact homeomorphism with 
the contact topology is path- connected and locally path- connected. Any two strictly 
contact homeomorphisms can be connected inside Homeo(M, a) by a topological 
strictly contact isotopy. 

The proofs of the corresponding results in this section for continuous contact 
and strictly contact dynamical systems are similar and thus omitted. 
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7. Regularization 



A contact isotopy ^h — {(f'^i} is called regular if for every time t, its generating 
Hamiltonian Ht is not identically zero. 

Proposition 7.1. Let ^h be a contact isotopy generated by a smooth Hamiltonian 
H : S^xAI ^ M. Then there exists an arbitrarily small (in the C°° -topology) contact 
loop ^F generated by a smooth Hamiltonian F : 5^ x M — ?> R, such that the isotopy 
^p ° ^H is regular. 

In particular, the isotopy $^^ o $// can be chosen arbitrarily close to the isotopy 



^H in the contact metric of Definition 13.11 The proof is an adaptation of the one 
given in [PolOlj for Hamiltonian isotopies, and is divided into three steps. Recall 
that by Lemma [221 the isotopy ^p o $// is generated by the Hamiltonian that at 
time t is given by 

(F#H)t = e-f* ■ {{Ht - Ft) o </,*,) , 

so that <i>^^ o ^ff is regular if and only if for every time t the function Ht — Ft is 
not identically zero. 

Proof. Step 1. Consider a collection of smooth functions G^, . . . , G^^ : S"^ x M — > R, 
1 < A: < n, with the property 



j G'{t,x)dt = 
Jo 



for every x £ M . Here and in the following, we identify S^ with R/Z. For example, 
one may choose G-' (t, x) — fj (t) ■ gj (x) for smooth functions fj : S*^ — s> R with mean 
value zero, and gj : M -> R. Then for a fixed t £ S^, define <t>l ^ £ Diff (A/, £) as the 
time-e map of the contact isotopy generated by the time- independent Hamiltonian 
/p G{ ds. If e = (ei, . . . , e2k) is a vector in R^*^, the composition 



K^ = </>*..! ° • ■ • ° 4>'iX 



eDiff(A/,e) 



defines a 2k-parameter variation of the constant loop, that is, a smooth family of 
contact loops {</>*, e}o<t<i with (/)o,e = 0i,c — id, and 4>t,Q — id for all t. Denote by 
F^: S^ X M — > R the smooth Hamiltonian generating the isotopy {4>t,e}o<t<i, and 
let Ft £ = F^{t, •). We need the following lemma. 

Lemma 7.2. Let (j)s.t G Diff(Af, f) be a smooth two-parameter family of contact 
diffeomorphisms with 0o,o = id, and denote by H — {Hs,t} and F = {Fs^t} the 
families of smooth functions on M that generate the contact isotopies {4>a,t}o<t<i 
and {4>s,t\o<s<i, respectively. Then 

(7.1) ^H,,t = ^F,,t-{Hs.uF,,t}, 

as at 

where the Poisson bracket is defined by {_ff, _F} — -~a{[Xi{,Xp\). 

Proof. If {4is,t\ is a two-parameter family of diffeomorphisms with 0o,o = id, write 

Xs^t = ( ^0s,t j o <P'^}, and Ys^t = ( ^<^s,i ) ° '/'m^- 
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By Proposition 1. 1.1 in |Ban78] . 

(7.2) -^Xs.t = ^Ys.t + [Xs,t,Y,.t]. 

as at 

Since (j)s.t G DifF(M, ^) for all s and t, Xs^t and Yg^t are contact vector fields, and 

Hs,t = ot{Xs,t) and Fg^t — ctiYs,t)- Contracting a with both sides of (17. 2p . and 

observing that a is independent of s and t, proves (17.11) . D 

A similar result also holds for smooth two-parameter families of Hamiltonian 
diffeomorphisms, see |Ban781 [BaiiQTl IPolO 1| . Namely, ii H ^ {H^^t} and F = {Fs,t} 
are smooth Hamiltonians generating a two-parameter family {4>s,t} of Hamiltonian 
diffeomorphisms, then 

(7.3) —-Hg^t — -r:Fs,t — {Hs,t,Fs^t}, 

as at 

where this time the Poisson bracket is given by {H,F} = uj(X^,Xp). In fact, 
the proof of Lemma 17.21 given above follows the same line of argument as in the 
Hamiltonian case. Alternatively, one can lift the two-parameter family {(/>«,*} of 
Lemma 17.21 to a two-parameter family {(j)s,t} of Hamiltonian diffeomorphisms on 
the symplectization (Af x R, —d{e^a)) of (M, a), such that 

H,,^tix,e) = e'^Hs^tix), and F,,t(a;,0) = e^F^^tix). 

With our sign conventions, {Hs,t,Fs,t} — e^ {Hs^t,Fs^t}, and thus equation (|7.ip 
also follows from the Hamiltonian version ()7.3|) of the lemma. 

Returning to the proof of Proposition 17.11 observe that Fq — 0, and therefore 
Lemma 17.21 yields 

-— Ft^e = Gt . 

Step 2. Fix a point p G M, and consider an even dimensional linear subspace 
j^2k f-- x*M, where again 1 < k < n. Choose a basis {ui, . . . , Uk, vi,. . . Vk} of E, 
and for 1 < j < k, define 

7j(t) — cos{2TTt)uj + sin(27rf)wj, and "fk+jit) = — cos{2TTt)uj + sin(27ri)wj. 

The vectors 7i(i), . . . , 72fe(^) are linearly independent for each t, and L ^j{t) dt — 0. 
By the last equality, a collection of functions G^ , . . . , G^^ as in step 1 can be chosen 
so that dGl{p) — —jjit). For example, in local coordinates let Uj correspond to 
{dxj)p and Vj to {dyj)p, and define locally 

Gl ~ — cos{2'Kt)xj — sm{2'Kt)yj, and G- = cos(27rt)a;j — sin(27rt)j/j. 

Then cut off the functions Xj and yj in a neighborhood of p in order to obtain 
globally defined smooth functions Gl on M. 

Step 3. Define a mapping /: S^ x M^fe ^ £;2fc ^y (^^ g) ^ ^(^^ _ Ft.^){p). Since 

— /(i,e)=7j(i), 

/ is a submersion into a neighborhood C/ of the circle {e — 0}. Denote the restriction 
of / to 5*^ X [/ by J. Then J^^(O) is a one-dimensional submanifold of 5*^ x U , so its 
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projection to U is nowhere dense. Hence there exist arbitrarily small values of the 
parameter e such that d{Ht — Ft,e){p) ^ for all t. The contact isotopy generated 
by such a smooth Hamiltonian F^jj=H is regular, and the proof of Proposition 17. II 
is complete. D 

Suppose that in Proposition 17.11 the isotopy <^h is strictly contact, or in other 
words, its Hamiltonian is basic, and one tries to find a Hamiltonian F as in the same 
proposition that is also basic. The difficulty in adapting the above proof is that in 
general, it is not possible to extend a locally defined basic function on standard 
contact R^"+^ to a basic function on M . 

Example 7.3 ( [Miilllj ). Let T^ be the three-dimensional torus equipped with 
the contact form a = cos zdx — sinzdy, where x,y,z G M/27rZ are coordinates 
on T^. A basic function on (T^,a) is independent of x and y. Thus given time- 
dependent basic functions G^ and G^ on T^, and a point p E T^ , the cotangent 
vectors dG{{p) = (-^G^){t,p) dz are linearly dependent in T*T^ for ah t. 

If a is regular, then cutting off a basic function in a neighborhood of a Reeb 
orbit is always possible. Indeed, simply lift a cut-off function from the base of the 
associated Boothby-Wang prequantization bundle to the total space. 

The last step of the proof of Proposition 17.11 required the existence of at least 
a two-parameter variation of the constant loop. One parameter can be taken to 
be a perturbation in the direction of the Reeb flow. However, a one-dimensional 
subspace of E as in Example 17.31 does not possess a basis {7} with /^ ^{t) dt = 0. 

Proposition 7.4. Let $// he a contact isotopy generated by a smooth Hamiltonian 
H : S^xM ^ R. Then there exists an arbitrarily small (in the G'^ -topology) contact 
loop (S?p generated by a smooth basic Hamiltonian F : S^ x M ^ M, and finitely 
many points ti, ... ,tk, such that the isotopy ^p °^h is regular away from, the points 
ti, i.e. the smooth function Ht — Ft is not identically zero for all t ^ {ii, . . . ,i/c}. 
In fact, the function F can be chosen so that F(t,x) = f(t) for a smooth function 
f : S^ — > M, and given any subset T C S^ with empty interior, we may impose 
ti ^ T for all i — 1, . . . ,k. 

Proof. Fix a point p G M. There exists an arbitrarily C°°-small smooth function 
f:S^ — > R with L^ f dt = 0, such that the smooth map S*^ — ?■ R defined by 
t I—)- H{t,p) — /(i) has only finitely many zeros that occur away from the subset 
T d S^ . The basic Hamiltonian F defined by Ft = f{t) ■ 1 generates a loop by 
formula ()8.2|) in the beginning of the next section. D 

8. Reparameterization of contact isotopies 

Suppose H : [0,1] x A/ — > R is a smooth Hamiltonian, generating the contact 
isotopy $_ff — {0//}, a < b are real numbers, and (: [a,b] — >■ [0,1] is a smooth 
function. The reparameterized isotopy 

^HC = {4'Hi}o.<t<b — {(I'm }a<t<b 
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is generated by the Hamiltonian H'^ : [a, b] x M — > R, defined by 

(8.1) H^{t,x)^C{t)-H{at),x), 

where C,' denotes the derivative of C,. In particular, $^c is a loop if and only if 

(8.2) C(&)-C(a)= / at)dt = Q. 

If C(a) — 0, C(^) = Ij and the function C is monotone, then the reparameterized 
isotopy traverses the same path as the original isotopy at different speed, and we 
refer to the function C as a reparameterization function. In the special case C(t) = st 
for a real number s, we also write H'' = H^ as in sections [5] and [6] Since (j)*-^^ — <jr^ , 
the conformal factor h'' of the isotopy ^^c is given by hj — ft.(;(t). This also follows 
from a change of variables in equation (12. 3p . In particular, if ^h is strictly contact, 
then so is the reparameterized isotopy $^c . 

We state a series of useful lemmas. The proofs are straightforward and similar 
to the Hamiltonian case in |MO071 iMiilOSal IMiilOSb] . and thus are omitted. 

Lemma 8.1. Let H: [0,1] x M ^>- R be a smooth Hamiltonian function, and 
C17C2: [0,1] — > [0,1] be two smooth functions. Then 



osc 
and 



[h^^ - Ht) < 2L ■ \C[{t)\ ■ ICi(i) - C2(i)l + \C'i{t) - cm ■ osc (iJc.(t)) , 

[Ht - Ht) \<L-\C[{t)\- ICi(i) - C2{t)\ + \C[{t) - cm ■ \c (i?c.(0) I ' 

for all < t < 1, where L is a Lipschitz constant that depends only on H . If in 
addition ('i is monotone, then 

\W^' - H^' ll(i,oo) ^ 3L • max^ \Ci{t) - C2(i)| + ||ff ||oo • / \C'i{t) ~ C2WI *■ 

An isotopy {4>t}a<t<b is called boundary flat if it is constant near the two end 
points, i.e. there exists a constant (5 > such that (pt = i'a for t — a < S, and c/ft — (f>b 
ioi b — t < 6. In terms of the Hamiltonian of a contact isotopy ^h — {'Pt}, this is 
equivalent to iff = for i — a < (5 and b — t < 5. 

Given a contact isotopy $//, and a reparameterization function C'- [0, 1] — > [0, 1] 
so that C = near i = and C = 1 near i = 1, the reparameterized isotopy ^uc is 
boundary flat. Choosing the function C appropriately proves the following lemma. 

Lemma 8.2 (Approximation by boundary flat contact isotopies). Given a smooth 
Hamiltonian H: [0,1] x M — > M, and e > 0, there exists a reparameterization 
function C'- [0, 1] — >■ [0, 1], such that H'^ is boundary fiat, and 

l|i^-ff^ll(i,oo)<e, 

max(||i7oll, \\Hi\\) < \\H - H^\\^ < max(||7Jo||, \\Hi\\) + e, and 

d($if,'I>^c) < e, and \h-h''\<e, 

where Ht = H{t,-) for t = and t — 1. Moreover, ||-ff^||(i.oo) = ll^ll(i,oo) o.iT'd 

[[^''llcxD < ll-ff lloo + £• In particular, the two end points (f>]j = (p^ and <jy^ — (f)\j 

coincide, and H^ can be extended to a function on R x M that is 1-periodic in time. 
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For later reference, we consider the following reparameterization, which is useful 
to concatenate boundary flat contact isotopies. Given a < 6, and a Hamiltonian H 
defined on [0, 1] x M , denote by C,a,b ■ [a, b] — )> [0, 1] the unique linear function with 
C(a) — and ((b) = 1, and by H'^'^ the reparameterized Hamiltonian defined on 
[a, b] X M. Of course, if ^h is boundary flat, then so is its reparameterization. The 
two norms satisfy ||-ff"'^||(i,oo) = ||^||(i.oo)i and 

(8.3) ||i/-.^||^==-^||i/||^. 

— a 

The main ingredient in the proof of Lemma 15.51 is the following result. This is 

where we apply the regularization procedure established in the previous section. 

Cf. IMiiinSallMuIim] . 

Lemma 8.3. Let H: [0,1] x M — > M 6e a smooth Hamiltonian, generating the 
contact isotopy ^h — {4>h}' viith {(f)^^)*a = e'^'a, and let e > 0. Then there exists 
a smooth Hamiltonian F: [0,1] x M ^^ R, with {(j)p)*a — e^^a, such that the 
isotopy $F coincides with a reparameterization of the isotopy ^h, up to a small 
reparameterization with respect to the L^^'°°' -contact metric followed by a C°° -small 
perturbation, and 

(i) the end points of the isotopies coincide, i.e. (jPp = (fPfj and (j)p = </)^, 
(ii) the norms satisfy the inequalities ||f |i(i.oo) < ll^ljoo < ||-ff||(i.oo) + £; 
(Hi) the distances of the two isotopies to their common left end point satisfy the 

inequality d{^p, (jPp) < d(<i>//, 0^) + e, and 
(iv) for the conformal factors, we have \f ~ fo\ < \h — ho\ + e. 
In (Hi), (fPp = 0^^ denotes the constant isotopy t ^^ (jf'p — (j)'j^, and /o — Hq its 
conformal factor in (iv). 

Proof. By Lemma 18.21 we may assume that the isotopy ^h is boundary flat, and 
its Hamiltonian can be considered as a function from S"^ x M to R. Consider the 
isotopy {(J)q} — {4>t o '/'//}, where {(j)t} is a loop in Diff(M, ^) with c/jq = ^i = id. 
Clearly (pQ = (fpfj and 0^. — 4'\j. By Proposition 17.11 we may choose the loop {(/)t} 
so that it is arbitrarily close to the constant loop id in the C°°-metric, and in 
particular, its generating Hamiltonian is arbitrarily small in the L'-^'°°'-norm, and 
its conformal factor is arbitrarily close to zero. Moreover, IJCtH ^ for all t £ S^ . 
Therefore d($G, '/>g) < d{^H, <!>%) + <^, \9 - 9o\ <\h-ho\ + e, and 

Consider the Hamiltonian G^, where C is the inverse (here we use |jGt|| ^ for 
all t) of the function 



(8.4) r?: [0,1] ^[0,1], i I 



loWGsWds 



loWGsWds' 
Then <^ fixes and 1, so that $^ has the same end points as $g- By the chain rule. 



C'(t) = 



|Gc(t)l 
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hence for every t, 

l|G^ll-C'W-||Ga*)ll= r||G.||ds=||G||(i,oo). 
Jo 

Therefore 

l|G«||oo = ||G|l(i,,,)<||iJ||(i.,,) + |. 

The function ( may only be C^ but not C°°-smooth. We approximate ^ in the C^- 
topology by a smooth difFeomorphism p of [0, 1] that also fixes and 1, to obtain 
a smooth Hamiltonian F — C^ , with ||-F||oo < ||G^||oo + |- Then F clearly satisfies 
(i) and (ii). Since <^p is just a reparameterization of ^q, we also have 

and similarly |/ — /o| < \h — ho\ + e ioi the conformal factors. D 

Lemma 8.4. Let _ff : [0, 1] x M — > M fee a smooth basic Hamiltonian, generating 
the strictly contact isotopy ^h = {(Air}; o.i^'d let e > 0. Then there exists a smooth 
basic Hamiltonian F: [0, 1] x Af — >■ M such that 

(i) the end points of the isotopies coincide, i.e. (fPp = 0^ and (pp ~ (f>\j, 
(ii) the norms satisfy the inequalities ||i^||(i,oo) ^ ll^lloo < ||-H^||(i,oo) + £j o,i^d 
(Hi) the distances of the two isotopies to their common left end point satisfy the 
inequality d{^F, ((Pp) < d{^H, 4''h) + ^' 
In (Hi), (fi'p = (jPfj again denotes the constant isotopy t n- (jpp — (jp^j. 

Proof. By Lcmina l8.2[ we may again assume that the isotopy $/f is boundary flat, 
and its basic Hamiltonian can be considered as a function from 5*^ x M to JR. Let 
{(f)\P\ = {4>t ° </'ir}i where {(t)t} is a loop with (/)o = (/)i = id in Diff(Af, a). Clearly 
(fpQ — (jPfj and 0Q — <l)\j. By Proposition 17. 4[ we may choose the loop {</>(} so 
that it is arbitrarily close to the constant loop id in the C°°-metric, and ||Gt|| ^ 
except at finitely many points < ii < . . . < t^ < 1 in 5*^ = M/Z. In particular, 
d(<l>G,(/)Ji,) < d[(^m4'%) + e and ||G||(i.oo) < 11-^^11(1, oo) + f ■ For convenience, denote 
U) — Q and tk+i = f . There exists a constant 

< (5 < - • max (t,+i - i^), 

Z 0<^</c 

such that l|Gt|| < Jp \\Gs\\ ds if |t — ti| < 5 for some I < i < k, and 

In each of the subintervals [0,ti — 6], [ti + (5, ti+i — S], and [tk + 6,1], the strictly 
contact isotopy is regular, and we may reparameterize as in the proof of Lemma l8.3l 
with the denominator in (|8.4p replaced by the constant A, so that 

\\Gf'\\=C{t)-\\Gc^it)\\^A<J^'\\Gs\\ds + ^. 

That gives rise to a continuous reparameterization function ^: [0, 1] — > [0, 1] that 
fixes the two end points, and is linear with slope equal to one in the intervals 
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[ti — S,ti + S]. Then ^ is piecewise C^-smooth, and can be approximated by a 
smooth reparameterization function p: [0,1] -^ [Oj 1] that fixes both end points, 
such that 

IIG^II < IIG^II + I = at) ■ Gc(,) + |<A+|<^' IIG.II ds + j. 

Therefore ||G''||oo < ||-H^||(i,oo) + Cj and setting F = C completes the proof. D 

In fact, the proof goes through without the hypothesis that H is basic. In that 
case, the conformal factor f of F satisfies the relation /( = hp((;^(t)), where ( is as 
in Lemma 18. 2| and p is the smooth function defined in the proof of Lemma 18.41 

9. Proof of the Main Lemma 

The main lemma and its proof are inspired by their Hamiltonian counterparts 
in [Miil08al IMiilOSb] . See these references for a detailed commentary on the proof. 

Proof of Lemma 15.51 By definition, there exist smooth contact dynamical systems 
{^Hi , Hi, hi), such that 

d{^H,^m)^0, Hi/ -if, II (1,00)^0, and \h ~ h,\ ^ 

as i — >■ cxD. Write (f)i = (j)\j, and (j) = 0}^. By Lemma 18.21 we may assume without 
loss of generality that each isotopy $//; is boundary flat, and their Hamiltonians 
can be considered as smooth functions Hi : S^ x M — ?> R. We will modify the 
sequence {'^Hi i Hi, hi) in several steps. As per usual, a Hamiltonian will be denoted 
by an upper case Roman letter, and the conformal factor of the generated contact 
isotopy by the corresponding lower case letter. For brevity, we often suppress the 
dependence on the time variable. 

Let ei > be a decreasing sequence of real numbers. Since (p: M — >■ M is 
uniformly continuous, there exists a sequence Si > 0, so that d{(j){x) , (J3{y)) < ei, 
for all x,y E M with d{x,y) < 6i. The function h on M is continuous as well, so 
by making the positive numbers 6i smaller if necessary, we may in addition assume 
\h{t,x) — h{t,y)\ < ei, for aU < i < 1, and all x,y G M with d{x,y) < Si. By 
again making Si smaller if necessary, we may impose Si < ei. 

Step 1. For notational convenience, write ($//„, _ffoi ^io) — (id, 0,0). Then define 
a sequence Ki of smooth Hamiltonians by 

X,+i = (e'^' • (i7,:#H,+i)) o 0-1 = (e'*'-''' • {{H,+i - H,) o ^h.)) ° 0"' 

for i > 0, generating the smooth contact isotopies 

from (pi to 4>i+i (see the remark in section [2|), and with conformal factors given by 



{hl-h^o(^i<t>^^X'°<f'k,^) 



fc*+l = (hi -h^ol (0*,J-1 o 0^^^^ + hi,. 



Here 4>i again denotes either the diffeomorphism itself or the corresponding constant 
isotopy. By passing to a convergent subsequence of the sequence {^Hi,Hi,hi) if 
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necessary, we may assume that for all i 

ll-f'^i+illci.oo) < 3 • e' ''" *' • ||i?i+i - i?i||(i,oo) < ei+i> 

di^H,+i,^Hi) < Si+i, 'd{(j),(i)t) < Ei+i and 

\h- hi\ < ei+i. 

In the first line, we have used the straightforward inequalities |-| < ||-|| <3|-| 
from [MSllbj for time-independent functions on M, and that the sequence {hj — hi\ 
is bounded. Then 

< d{4>„(t>) + d{(j) o $-1 o <^H.^^ , (f) + d(0, (j),) + d{<^H]^^ o <^H. , id) 

< 4ej+i. 

Moreover, the conformal factors of the contact isotopy ^Ki+i and of the contact 
diffeomorphisni (jf'j^, = (j)i = 0^. differ by at most 

\h+i - fc°+i| < \h\ - h^\ + \h^ o (($ffj-i o <i>^,^j - h^\ + \h^ - h\\ 

+ \h, -h\ + \h-ho {{^H,y^ o *H,+i)l + \h- h,+i\ < 6e,+i. 

In the present situation, we choose e^ = | • (|)^*^^- 

Step 2. Applying Lemma 18.31 to each function Ki yields a sequence of smooth 
Hamiltonians Li, such that the end points of the contact isotopies coincide, that is, 
•^L, = 4>K, = 'i>i-i-, 4>Li = 4>]i, == 'i>i, and moreover, 

||ij||oo < ||-ft:»||(i,oo)+e, <2e„ 
d($L, , </)i_i) < d($Ki ,(t>i-i) + f-i< 5ej, and 

Step 3. Using Lemma 18.21 to reparameterize the Hamiltonians Li, we obtain 
boundary flat Hamiltonians Mi with the same end points (pi-i and 4>i, and 

llM^lloo < \\L^\\oo+e^ <3e,. 

Moreover, since the contact isotopy $Mi is a reparameterization of the isotopy $Li, 
we have 

(9.1) d{^M,At-i) = d(*L.,0»-i) < 5e,, and 

|m, -mO| = |/, -;0| <7e,. 
For later reference, observe that for the conformal factors to? — l^ = k^ = h\_^. 

Step 4. Let ij = 1 - (i)* for all i > 1. In particular, = to < ii < ^2 < • • • < 1- 
Then define a sequence of smooth boundary fiat reparameterizations 

iV, = a4'-^^*': [t,^i,t,] xM ^^ 

as in section [SI By equation (|8.3p . we have 

(9.2) ||iV,||oo - , _\ • llM.lloo - 2* • llAfJoo < 3 • 2* • e, = -^. 
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Step 5. Define a sequence of smootli contact dynamicaf systems {^Fi,Fi, fi) as 
foliows. Let $^1 = ^Ni in ttie interval [io,ii], and tlie constant isotopy ^f^ — <l>i 
in tlie remaining interval [ti, 1]. Then for i > 1, define recursively 

^Fi = ^Fi^i in the interval [0,ii_i], 

$i?, = ^Ni in the interval [ti-i,ti], and 

^Fi = (t>i in the interval [ii, 1]. 

The contact isotopies '^Pi are obviously continuous. Due to the boundary flatness 
of the functions Ni, they are in fact smooth. For i < j, the isotopies $Fi and ^f 
agree everywhere except in the interval [ti,l]. Since both isotopies are constant 
in the interval [ij,l], their maximum distance with respect to the C^-metric is 
achieved in the interval [ti, tj]. In that interval, ^Fi is equal to the constant isotopy 
^i, while $F at each time coincides with the contact isotopy ^n^. from (j)k-i to (j)k 
for some i < k < j. By equation ()9.1|) . 



d{^F,,^Fi) = niax d((/)i,$jvj < max (i(0j,0fc-i)+ niax d((/)fc_i, $AfJ < Te^ < — 

i<k<j i<k<j i<k<j Z 

for i > 2, and therefore d{^Fi, ^f ) -^ 0, as i,j — ?> oo. 

For the sequence Fi of smooth Hamiltonians, we have Fi = Ni in the interval 
[io,ii], Fi = Q in the interval [ti, 1], and for i > 1, 

Fi = Fi^i in the interval [0,ti_i], 
Fi = Ni in the interval [ti^i,ti], and 
Fi = in the interval [ti , 1] . 

These Hamiltonians Fi are indeed smooth, due to boundary flatness of the functions 
Ni. By the same argument as above, for i < j 

\\Fi - i^jlloo = max \\Nk\\oo < 7;- 

by equation (|9.2p . and thus \\Fi — i^j||oo ^^ 0, as i,j -> 00. 

Since the isotopies $_F; and $_f. agree everywhere except in the interval [ii, 1], 
and are both constant in the interval \tj, 1], the difference of their conformal factors 
also attains its maximum in the interval [ti,tj\. In fact, 

\fi - fj\ < max \ml - m^ 

i<k<j 

< max Ittij, 1 — ?Ti2l + max Irrii. — mu\ 

~ i<k<] *+^ "' i<k<] *■ 

= max |/ij — /ifc_xl + rnax \m!j. — ra^^^ 

i<k<~j i<k<j 

for i > 2. 

That proves the sequence ($Fi , Fi, fi) is Cauchy with respect to the L°°-contact 
metric, and the limit ($f,^, /) is a continuous contact dynamical system. The 
time-one map is (f>p = linii 0^. = 0^. By construction, the isotopy ($i?,_F, /) is 
smooth except possibly at time t = 1. 
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To prove the inequalities in equation ()5.3|) . in the above construction replace 
the Hamiltonian Et^ by a boundary flattening H- of the Hamiltonian Hig for a 
sufficiently large fixed index ig, so that 



Then 



d($H'^,*H.J < |, \Kg - h.,„\ < |, and \\Hig - ff,oll(i,oo) < ^■ 



e e v-^ 1 



Y^ 



provided iq — io{^) is chosen sufficiently large, and similarly for the other estimates 
in equation (|5.3p . For the other inequalities ()5.4p . instead define i/^' by applying 
Lemma [8731 to the above isotopy $Hi ■ D 

Proof of Lemma \5.9[ The proof is almost verbatim the same as the one of the Main 
Lemma [5751 except that in step 2 the reference to Lemma 157^ is to be replaced by a 
reference to Lemina [8.4l Then all conformal factors in the construction are zero, and 
the resulting smooth contact dynamical systems ($i?. , F^, 0) are strictly contact. D 

10. The energy-capacity inequality and a bi-invariant metric 

In this section we show how the energy-capacity inequality from |MSllb| gives 
rise to a bi-invariant metric on the group of strictly contact homeomorphisms. This 
metric is similar to the Hofer metric on the groups of Hamiltonian diffeomorphisms 
[Hof90[[LM95] and Hamiltonian homeomorphisms |Ohl0i[Mul08allMul08b] . and the 
bi-invariant metric on the group of strictly contact diffeomorphisms |BD06[[MSllbj . 

Definition 10.1 (Contact energy). The contact energy i?((/)) of a strictly contact 
homeomorphism <j) G Homeo(Af , a) is by definition the non-negative number 

(10.1) E{q^)^mi\\Hl 

where the infimum is taken over all topological strictly contact dynamical systems 
($, H) with time-one map (j)\j = (j). 

As in the case of the contact energy of strictly contact diffeomorphisms studied 
in |BD06| IMSllb] , symmetry and conjugation invariance of the contact energy, as 
well as the triangle inequality, follow from the group identities and transformation 
law for topological strictly contact dynamical systems. 

Proposition 10.2. The contact energy E((j)) satisfies the following properties. For 
(j) and tp £ Homeo(Af, a), and Lp G Aut(Af, a), we have 

(symmetry) E{(j)^ ) — E{(j)), 

(conjugation invariance) E{Lp o o ip^ ) — E{(f))^ and 

(triangle inequality) E{(j) o ^p) < E{(j)) + E{ip). 

In particular, E{(j)^^ o ijj) — E{ip~^ o (p) by symmetry, and E{4> o %p) — E(%p o (p) by 
conjugation invariance. 

For the proof of non-degeneracy, recall the following key result from [MS lib) . 
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Theorem 10.3 (Energy-capacity inequality [ MSllbj *). Suppose the time-one map 
(/)\j G DiSo{M,^) of a sm,ooth Hamiltonian H : [0, 1] x A/ — >■ R displaces a com,pact 
subset K <Z M with non-empty interior. Then there exists a constant C > that 
depends only on K and a, but is independent of the contact isotopy {(/'^}, its 
conformal factor h: [0, 1] x Af — >■ M given by (0^)*a = e^*a, and the Hamiltonian 
H , such that 

\\H\\ >Ce-l''l >0. 

In particular, if 4> € Diffo(Af, a), then \\H\\ > C > for every basic function H 
that generates the time-one map (j)\j = (j). 

Corollary 10.4 (Energy-capacity inequality). Suppose (j)\j G Homeo(Af, ^) is the 
time-one map of a topological Hamiltonian H: [0,1] x M — > M., and displaces a 
compact subset K C M with non-empty interior. Then 

\\H\\ >Ce-\^\ >0, 

where the constant C — C{K, a) > Q is the same as the one in Theorem \10.3i In 
particular, this constant is independent of the topological Hamiltonian H , and of the 
topological contact isotopy {ip*^} and topological conformal factor h: [0, 1] x M — >■ K 
corresponding to H. If (f) € Homeo(M, a), then \\H\\ > C > for every topological 
Hamiltonian H of a topological strictly contact isotopy with time-one map (f)]^ = 4>. 

Proof. By definition, there exist smooth contact dynamical systems {^ Hi, Hi, hi) 
that converge with respect to the contact metric da to the topological contact 
dynamical system {^H,H,h). Let e > 0. By compactness of K, the time-one map 
(j>\j, displaces K for i sufficiently large, and by Theorem 110. 3[ 

lli^ll > \\H,\\ - e > Ce-I'^'l - e > Ce-I"!-^ - e, 
for i sufficiently large. Since e was arbitrary, the claim follows. D 

Corollary 10.5. The contact energy E{(j)) of a strictly contact homeomorphism (p 
vanishes if and only if (f) = id. 

Corollary 10.6. The function 

Homeo(M, a) x Homeo(M, a) -^ M, (0, ij)) ^ E{4)^^ o ip) 

defines a bi-invariant metric on the group of strictly contact homeomorphisms. 

Again it is possible to replace topological strictly contact dynamical systems 
by continuous strictly contact dynamical systems in all of the constructions and 
statements above. Denote by S(i,oo)(0) = inf ||-ff||(i,oo) and Eoo{<j)) = inf ||iJ||oo 
the a priori different contact energies that arise by taking the infimum in (jlO.ip 
over topological strictly contact dynamical systems and continuous strictly contact 
dynamical systems, respectively. 

Theorem 10.7. The equality i?(i,oo)(0) — Eoo{<P) holds for every (p G Homeo(M, a). 

Proof. The inequality i?(i_oo)(0) !i Eooifp) follows from the definitions, while the 
reverse inequality i?(i,oo)(</') > Eao[(p) is a consequence of Lemma ISJl D 



32 S. MULLER & P. SPAETH 

In fact, the same argument proves that their smooth counterparts i?(i,oo) and 
Eoo on the group of strictly contact diffeomorphisms |BD06[ IMS lib] , defined as the 
infimums over all smooth strictly contact dynamical systems, coincide as well. 

11. Non-smooth contact homeomorphisms 

In [MO07[ IBSlOi IBS12] . the authors construct Hamiltonian homeomorphisms 
and strictly contact homeomorphisms that are not Lipschitz continuous, and thus 
not C^-smooth, on any symplectic manifold and any regular contact manifold. In 
this section we generalize these examples to contact homeomorphisms that are 
not Lipschitz continuous. The topological contact dynamical system of standard 
]^2n+i constructed below is compactly supported, and by Darboux's theorem, can 
be considered as a topological contact dynamical system of any given contact form 
on an arbitrary contact manifold. 

The homeomorphisms referenced in the preceding paragraph arise as rotations 
of a small ball in M^" and their lifts to the total space of a prequantization bundle. 
The construction in this section is much more involved, due to the fact that a 
non-trivial contact isotopy that induces a rotation of a ball in R^" in the splitting 
R^" X R = R^"'+-'^ is not compactly supported, and unless the contact form is 
regular, a locally defined basic Hamiltonian can in general not be extended to a 
basic function on the entire manifold. We begin our discussion with an example of a 
compactly supported smooth contact dynamical system of R^"+^ with its standard 
contact form. 

Example 11.1. Denote by (ri, . . . , r„, 0i, . . . , 0„, z) polar coordinates on R^"+^, 
where r^ > and < 9i < 2tt, and where Xi — r^ cos 9i and yi = r.i sin 9i are 
rectangular coordinates on R^". Let S, — kera be the contact structure defined by 
the contact form 

a = dz+ - ^^{xi dyi - y^ dxi) = dz + -^^rf dOi, 

1=1 1=1 

which is diffeomorphic to the standard contact form agtd = dz — X]i=i Vi d-^i- Since 
da — X]r=i '''i '^^i ^ '^^i' ^^^ contact vector field Xh associated to a smooth time- 
dependent Hamiltonian H : [0, 1] x R^"+^ — ;■ R is in polar coordinates given by 



" ^ [ 2^' dz r, 89, j dn ^ V r, dr, j 89^ \ 2 ^ ''" 8r, ) dz' 



provided r^ > for i = 1, . . . , n. 

Let p: [0, 1] — > R be a smooth function that is identically zero near r = 1, and 
ry : R — > [0, 1] be a compactly supported smooth function with ri{z) = 1 near z — 0. 
Define a compactly supported autonomous smooth Hamiltonian H : R^"+^ — !> R by 

(11.1) H{ri,...,rn,9i,...,9n,z) ^ri{z) sp{s)ds, 
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where r ^ y/r( + ... + rl, cf. |MO07l IMlilOSal iBSTOl lBST2] . The contact vector 
field corresponding to this Hamiltonian function is Xh = Yh — Zh, where 

'^H^^v'{z)( sp{s)ds\'^n—+'i]{z)(-r^p{r)+ sp{s)ds\ —, 



Yi 
and 

n 

09,: 



Zh = v{z)p{r) ^ 
Denote by {(jfy} the smooth isotopy generated by the smooth vector field Yh- Then 



y)*(^) = -^ for i = 1, . . . ,ri, and we can express 



X 



H^YH+{cp'Y)^{m:'{-ZH)) 

where the maps r and z_: M^"+^ — > M are defined by r(ri, . . . , r„, 0i, . . . , 6'„, z) = 
yjr\ + . . . + r^ and z(ri, . . . , r„, 6*1, . . . , 0„, z) = z. Write {ipYz} ^'^^ ^^^ smooth 
isotopy generated by the vector field {(I)y)~^ {— Z h) ■ The smooth contact isotopy 
generated by the smooth Hamiltonian H — Hp is equal to the composition {^J?} ~ 
{(/)y o (J)yz}- Given the function p one can choose the function 77 so that 

(11.2) i^(z± {]^r^p{r) + ^ sp{s)ds\ \ = 1 

for z near zero and for all r. Conversely, given rj one can choose the function p 
so that (|11.2p holds. For later reference, we denote by m = u(p, 77) > the largest 
number such that (|11.2p holds for all 2 G R with jz] < u and for all r > 0, and by 
U — M?"^ X [— u, u] C M'^"^^ the corresponding neighborhood of the origin in ]R^"+^. 
Then on the subset U C M^""'"-'^, the isotopy is given by 

(11.3) (?!)^(ri, . . . , r„, 6*1, . . . , 6'„, z) 

ri, . . . , r„, 6*1 - tp{r), ...,6^- tp{r),z + t f -r"^ p{r) + / sp{s)ds 

and its inverse is (i/)^ )^-^ = 0^_ . Denote as usual by h: [0, 1] x R^"+^ — s> R the 
conformal factor of the isotopy {0^?} determined by the identity {(t)^^)*a — e^^a. 
By equation (|2.3p . 

(11.4) /it = y ^"'I'Hds^ I (v'iz) I vp{v)dv) o 0^ ds, 

and the restriction of ht to ((/>|/)"HC^) C R^"+^ vanishes for aU < s < 1. 

For the remainder of this section, let p: (0, 1] ^- R be a smooth function that is 
identically zero near r = 1, and near r = coincides with the function r n- r^", 
where < a < 2. Note that in contrast to the situation considered in the preceding 
example, this function p does not extend smoothly or even continuously to the 
closed interval [0, 1]. Given a cut-off function 77 as in the example, we can choose 
p so that (|11.2p holds for a constant u — u{p,'q) > 0, and vice versa. In order 
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to simplify the subsequent arguments, we assume without loss of generality that 
p > 0. Choose a sequence of smooth functions pj : [0, 1] — > R indexed by the positive 
integers, such that Pj{r) = p{r) for r > ej, and < Pj{r) < Pki'r) < p{r), provided 
k > j, where ej is a decreasing sequence of positive numbers that converges to zero 
as j — )■ 00. Let Hj = Hp- be the corresponding sequence of compactly supported 
autonomous smooth Hamiltonians on R^"+^ defined as in equation ()11.1|) . 

Lemma 11.2. The Hamiltonians Hj converge uniformly to a compactly supported 
autonomous continuous function H on M^"+-'^ . 

Proof. By construction, the integral 

(11.5) / sp{s)ds — lim / sp{s)ds 

Jq+ r^o+ J^ 

is finite, and therefore for all k > j, 



\H, -Hk\< \ii\ / s (pfc(s) - p,{s)) ds < Iryl / sp{s)ds ^ 

Jo JG+ 

as j "> oo. The limit H is defined by (jll.ip for r > 0, and by (jll.Sp if r = 0. D 

Denote by Yj — Yh and Zj = Zh the vector fields defined in Exaniple lll.il so 
that the smooth contact isotopy {(/>^. } of M^"+^ is again given by the composition 
{4>ff.} — {(f>Y. o 'Pyz } corresponding to the decomposition 



(«o.((«o:'(- 



x„, - y, + Ui-. <M-. (-Z. 



Hj = -fi+ <py, <?!•, y-^j 



Lemma 11.3. The smooth vector fields Yj converge to a continuous vector field Y 
uniformly on M^"+^. In fact, Y = Yj = Yk provided r > ej and k > j . In particular, 
the isotopies {4>y.} converge uniformly to a compactly supported continuous isotopy, 
denoted by {4>y}, where (fiy : M.'^"^^ -^ ]R^"+-'^ is a continuous map for each time t. 

Proof. By construction, Yj — Yfe provided r > ej and k > j. li k > j, then 

\Yj - nl < i IVI ^J sp{s)ds^ ne, + \7j\ Q r'p{r)\,^,^^^ + ^ sp{s)ds^ -^ 

as j — !> oo, uniformly on M^"+-'^. D 

Lemma 11.4. Let 

b^^W\(^J^^spis)ds^ >0. 



Then 



e ^ -r < (ro(/)*yJ (n, . . . , r„, 6'i, . . . , 6'„, z) < e'' ■ r 
for all j , all < t < 1, and all (ri, . . . , r„, 9i, . . . , 0„, z) with r = \/r\ + . . . + r^ . 
It is crucial to note that the constant h is independent of j, t G [0, 1], and r > 0. 
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Proof. The radial components rj^i, i ~ 1, . . . ,n, of the flow of the vector field Yj 
are solutions to the ordinary differential equations 

»'i,i W = 2'?'(^J W) ( / spj{s)ds \ rj4t), 



where rj ~ Jr^- 1 + ■•• + ?'?„ , and Zj (t) is the component of the flow of Yj in the 
z-direction, defined as the solution to the ordinary differential equation 

i,(i) = rj{z,{t)) I ir2(i)p(r,(i)) + ^ ^ spis)ds\ . 

In particular, rj^i[t) is constant if the initial condition 2:^(0) is sufficiently close to 
zero. Moreover, 

and similarly —h ■ rj^i{t) < rj^i{t), and therefore e~^*rj,i{0) < rj^i{t) < e^*rj^i{0) for 
all < t < 1. Hence 

e~'"-r,{0)<r,{t)<e'''-r,{0) 
for all j and all times < i < 1. D 

Lemma 11.5. The smooth isotopies {(t>Y.z} converge uniformly to a compactly 
supported continuous isotopy, denoted by {(I)yz^' where 4'yz- R^"^"'^ ^ M^"+"'^ is a 
continuous map for each time t. In fact, 

{^Y,):'{-Z,) = {4>'y,V{^Zk), and Wyz^^Wy^z^^^Wy.z,}. 

provided r > e^ej and k > j, where b > is the same constant as in Lemma \ll.4\ 

Proof. Lemma ll 1 .41 implies 



e^''-r< 



{ro{cf>'y^)-^yri,...,rn,9i,...,en,z)<e'' 



for all j, all < t < 1, and all (ri, . . . , r„, 9i, . . . , 6'„, z) with r = yVf+TTT+r^. 
Then by Lemma [HI ((/)^^)-i(-Zj) = (0yJ:7H-^fe) for r > e^e.j and aU k > j. 
Since r o (J>y,z. is independent of t, it follows that (pyz- ~ 't'Y z fo^ *" — ^^^j ^"^'^ 
k > j, and thus ^(0^.^. , (jiy z ) — niax{2r | r < e'^ej} — 2e^ej ^> as j — !> oo. D 

Corollary 11.6. The smooth contact isotopies {0//.} — {^y. ° <Py z } converge 
uniformly to a continuous isotopy {4>t} — {'/'p} of maps with compact support, and 
ipt '■ M^"'*'"'^ — >■ R^""*"""^ is continuous for each time t. In fact, (pt — 4'*'^. for r > e^ej. 

Lemma 11.7. For each time t, the map (pt ■ M.'^"^^ — s> M.'^"^^ is a homeomorphism. 

Proof. Since (pt is compactly supported, it suffices to prove it is injective as well 
as surjective. Continuity of the inverse then follows from a standard argument in 
point set topology. By Lemma [11.41 the subset 

A={(ri,...,r„,0i,...,0„,z)eM2n+i [^>0| ^jj2„+i 
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and its complement B in K^"+^ are invariant under the isotopy {tpt}- It follows 
again from Lemma [11.41 and from the last part of Corollarv ll 1 .61 that (j)t is injective 
and surjective on A. On the other hand, the smooth vector fields 



i]{z) 



^ .p,(.)d.)^-^,(z)^^.p(.)d.)^ 



uniformly as j ^- oo. The limit is a smooth vector field, and the restriction of the 
isotopy {(fit} to the subspace B C M^"^-'^ is determined by the smooth map R — t' R 
it generates. This map is injective and surjective. D 

Abbreviate the constants u{pj, ry) > by Uj, and again write u = u{p, rj) for the 
positive number defined by (|11.2I) . Let Uj = R^" x [—Uj,Uj] and U = R^" x [— m,u] 
denote the corresponding neighborhoods of the origin in M^"+^. 

Lemma 11.8. If k > j, then < u < Uj < Uk, and therefore Uj D Uk ^ U defines 
a nested sequence of neighborhoods of the origin. In particular, 



(11.6) (/)t(ri,...,r„,6'i,...,6'„,2;) 



1 '■I 



ri,...,r„,6'i -tp{r),... ,6'„ ~tp{r),z + t [ ^r^p{r) + / sp{s)ds 

on U C R^"+-'^. When restricted to U, the inverse is (01)""'^ — 'P'Lp- 

Proof. The lemma follows at once from the hypothesis < Pj < Pk < P- O 

Lemma 11.9. The conformal factors hj on [0, 1] x R^""''^ given by {(j)\j.)*a = e'^^a 
converge uniformly to the continuous function h: [0, 1] x R^"+^ — >• R defined by 

v'iL) / vp{v)dv\ o(l)gds, 



where the second integral is to be interpreted as in equation ill.5\) at r = 0. The 
restriction of ht to 4>J^{U) is zero for all < s < 1. 

Proof. This follows from the identity (|11.4p . Corollarv lll.61 the construction of the 
sequence pj , and the previous lemma. D 

Write ^H = {4't}- By the following corollary, this notation is unambiguous. 

Corollary 11.10. The triple {^HTlI,h) is a continuous contact dynamical system, 
and therefore also a topological contact dynamical system. In particular, its time-one 
map (j) is a contact homeomorphism. 

Lemma 11.11. The time-one map (j) of the continuous isotopy {4>t} is not Lipschitz 
continuous, and in particular, not C^ -smooth. 

Proof. Since p{r) ~ r^"- near r = 0, there exists a constant < S < a, and two 
sequences Sk > s'j. > that necessarily converge to zero, such that p{sk) = and 
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pis'f.) — TT modulo 27r, and Sk — s'f^ < s].'^^ . By identity (|11.3p and by Corollarv lll.6| 
near the origin 

(11.7) (f>{ri,...,rn,0i,...,On,z) 



Then 



ri, . . . , r„, 6*1 - p{r), ...,9n- p{r), z + -r'^ p{r) + / sp{s)ds 



|0(gfc,O,...,O)-0(4,O,...,O)| Sk + s'^ 1 
|(sfc,0,...,0)-(4„0,...,0)| Sfc-4 4 



as fc — >■ oo. This shows that cj) cannot be Lipschitz continuous. D 

Using the above contact homeomorphism (/>, one can construct smooth contact 
vector fields Xh and Xp that are topologically conjugate, but not conjugate by a 
C^-diffeomorphism that preserves the contact structure. Cf. section 11 in jMSlla) . 
Again both H and F are compactly supported inside a Darboux chart, so it suffices 
to present such examples on standard M^"+^. 

Example 11.12. Let (p — (p p he a. contact homeomorphism as in Lemma 111. Ill 
and let U C M^"+^ denote the neighborhood of the origin defined by ()11.2p . Let 
F: M^"+^ — > M be an autonomous smooth Hamiltonian that vanishes outside the 
set [/, and in a neighborhood of the origin is given by the map 

if ri > 0, and zero otherwise, where the smooth map 

4 
■^^""'^^ " r2(l + 15cos2 6i) 

is the composition of the map r H> ^ with the area-preserving change of coordinates 
{x,y) ^ {2x, f ). Define H: K^'^+i -^RhyH = Fo(f)^ e~''(F o 0), since the 
topological conformal factor h oi (f> vanishes on (f>^^{U) by Lemma [11.91 Then by 
the exponential decay as r -^' 0+, 



is a smooth map on K^""'"^, where again r = y^rf + . . . + r^ . Therefore ^h and ^p 
are smooth contact isotopies, and by Theorem 14. 2 [ we have {4>h} = {0~^ o^f °<^}- 

Lemma 11.13. There is no contact C^ -diffeomorphism tp such that the identity 
{(^*^} =: {tp^^ o (pp o'ljj} holds. 

Proof. Arguing by contradiction, suppose {0//} = {V-"^^ ° 0f ° ^} ^^r a contact 
C-'^-diffeomorphism ip. Then by Lemma 12.21 H — e^^{F o ip) for the continuous 
function g on R2"+^ that is defined by ip*a = e^a, and as a consequence, 

(11.8) F = e-»°'*"' (F 0(^-0 0-1)) 

on M2"+i. We may assume that the only isolated zero of the function F on R2"+i 
is at the origin. Then ipo(p~^ must fix the origin, and in particular so does the map 
ip. Thus (jll.Sp implies that in a neighborhood of the origin 

f-fo{^po<p-^)^go(p-\ 
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The level sets {/ — c} are of the form E 



for concentrie ellipses E centered 



at the origin of the plane that is parameterized by the polar coordinates {r\^0\). 
By continuity of g, the restriction of the function g to (j)~^{U) is bounded. Thus if 
ri > is sufficiently small, then the point tp o (j)~^(^ri,^,Q) lies on the same level 
set as the point (f'^i, 5, 0), or further away from the origin. Here we write for the 



origin in the second factor of the above splitting 



p2n+l _ 



Similarly, 



the point ^po(l)~^(r[,n, 0) lies on the same level set as the point (|r5^, tt, 0), or closer 
to the origin, provided r^ > is sufHciently small. For ri,r[ > 0, the distance of 
the two concentric ellipses containing the two points (ri, ^) and {r'i,n) is |ri — ji 
Thus ii ri > r[ > are sufficiently small, then 



ril 



i^o0-i(ri,-,O) 



^ocf>-\r[,TT,0) 



2 
> -ri 
- 3 ^ 



1 

4 



-ri > -ri > 0. 



Choose two sequences Sk > s'^ > converging to zero, such that p{sk) — | and 
p(s'^) = TT modulo 2tt, and such that Sk — s'j, < Sj, for a constant < 6 < a. 
Denote by L the Lipschitz constant of the map -0. Then 

1 , 



L > 






> 



jSk 



> 



1 1 



Sk 



as fc — >■ oo. This contradiction proves the C^-diffeomorphism ip cannot exist. D 
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